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Introduction

Climate change impact
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Goal: Estimate (future) risks quantitatively
— In particular large scales extremes
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Introduction

Climate (physical) models

+ Used in climate projection - global
and regional models

+ Complex phenomena, physical
equations

+ Many variables

+ High spatiotemporal resolution

— Computationally expensive

— Not very good for extremes

Climate models grid size
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Introduction

Stochastic Weather Generators

Simulations

Weather data

Stochastic
Model

@ Trained on observations or climate model outputs

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Tan FebMar AprMay Jun Jul Aug Sep Oct Nov Dec

@ Simulations: same statistical properties as observations
@ Spatio-temporal resolution depends on the model and the data
@ Monovariate/Multivariate e.g. (temperature and precipitation)

@ Fast
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Introduction

Multisite Rainfall Weather Generators

Objective: Build a stochastic weather
generator

@ For the multisite rain occurrence
y® ="y

—> Reproduce the spatial-temporal
structure of the data.

@ In particular large scales dry/wet
episodes

First question: Should we separate rain
occurrence from rain amount ?
e.g. Benoit et al. (2018) with Censored
X S S LR T T .
j Gaussian models
S = 37 stations, ECA&D — In this project : separate both.

6/26
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Multisite Rainfall SWG

Single-site weather types model

Initial idea of Richardson 1981 : 2 weather types.

i

Vivs
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Multisite Rainfall SWG

Single-site weather types model

Initial idea of Richardson 1981 : 2 weather types.

e

yivi

@ The weather states/regimes/types Z; are a Markov chain of order r :

P(Z|Zivy. .. Zs—y) (1)
@ Observed meteorological variables Y; are generated conditionally on Z; using
emission distributions

P(Y3|Z) (2)

Separates the complexity of the model into several categories
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Multisite Rainfall SWG

Spatial weather types

Weather types derived from atmospheric
circulation or predefined

(a) NAO positive (b) NAO negative
2 o

-150 -125 -100 -75 =50 -25 25 50 ] 100 125 150 [m]
Atlantic weather types
— Not data-driven

Cognot Caroline

8/26



Multisite Rainfall SWG

Spatial weather types

Weather types derived from atmospheric )
circulation or predefined Hidden Markov chain

-150 -125 -100 -75 =50 -25 25 50 ] 100 125 150 [m] ;
Atlantic Weather.types . This work
— Not data-driven
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Multisite Rainfall SWG

Multisite HMM based model

Rain occurrence Y(*) = (Yl(t), cey Ys(t)) € {0,1}° - Unobserved weather type
ZWec{1,...,K}

Qi m Qi1
Z=1

Hidden

faen Fa04 Sz a1 Observed
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Multisite Rainfall SWG

Multisite HMM based model

Rain occurrence Y(*) = (Yl(t), e Ys(t)) € {0,1}% - Unobserved weather type
zZWe{l,...,K}

Qi m Qi1 m Q Qe
Z(t=1) Z Zt+n)

\%

Hidden

fren, fao,4 T2 61 Opserved

Conditional independence (Zucchini et al. 1991, Gobet et al. 2024)

S
P (Y =Y | Z= z(t)> = fz(t),t(y) = H (ys)‘Z(t),t,s + (1 - ys)(l - )‘Z(t),t,s))

s=1
With Ay =P\ = 1|20 = k) forie1,...,S
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Multisite Rainfall SWG

Multisite HMM based model

Rain occurrence Y(*) = (Yl(t), e Ys(t)) € {0,1}% - Unobserved weather type
zZWe{l,...,K}

Qi2 /_\ Qi1 m Q m Q1
Zt-1 Z(” Zt+1)

\[J Hidden

f[\zf Di-1 A\fzk)t KK D1 Observed
(' " Marginal Memory @)

G

\
Conditional independence (Zucchini et al. 1991, Gobet et al. 2024)

P(Y:y|Z:Z(t)7Y(t V= ) fz(t)t( )
S
H (ys)‘z(t),tys,yg—l +(1—ys)(1 - Az(t),t,s,yg—l))
s=1
With Ay, e = PY® =1z0 =k, vV =y foriel,...,S
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Multisite Rainfall SWG

Multisite HMM based model

Rain occurrence Y(*) = (Yl(t), cey Ys(t)) € {0,1}° - Unobserved weather type
ZWec{1,...,K}

Qi /_\ Qi1 Q: m Q1

v Fzo 201 Observed

Hidden

), a

Margmal Memory (t+1)

)

Conditional independence (Zucchini et al. 1991, Gobet et al. 2024)

— Stations must be "far apart enough”: 10 stations in the paper

+ Correlations between stations are captured by the weather types Z
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Multisite Rainfall SWG

Large scale weather types

- N\ -
-80° -60° -40° ¢ 40°-80° -60° -40° -20°

Figure: Pressure map AP =E (P | Z = k) — E (P) for winter months
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Multisite Rainfall SWG

How to generate binary correlated variables

Binary field

1 if X, < (),
X ~N(0,Cp) : latent Vs, Y, = ! = (As)
0 else
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Multisite Rainfall SWG

How to generate binary correlated variables

TPETY
X ~ N(0,Cp) : latent Vs, Y, = : = ()
0 else

Parameters : \; =P(Y; =1) fori € 1,...,S and 6 the parameters of the latent
covariance.
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Multisite Rainfall SWG

How to generate binary correlated variables

ag 025 050 ors ’ o0 “:. = 3 ors _1mn
X ~ N(0,Cp) : latent Vs, Y, = {1 if X, < @7 (M)
0 else
Parameters : \; =P(Y; =1) fori € 1,...,S and 6 the parameters of the latent
covariance.

Associated distribution

by bs
f(y,e)z/ o [ (@1, o 38))d(1, o )

S

With a; = —c0 if YV; = 1,®71()\;) else, b; = 00 if Y; = 0,07 1()\;) else
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Multisite Rainfall SWG

Multisite mixed model

Qi Qi /\ Q Qi
. o

e 2 o -
\H Hidden y ) ’
S0 Fay J2041 Observed . i.
.0 L - -
1 if X < d)
O 0 0 Ko MO, G) : atent e : /\b)
0 else
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Multisite Rainfall SWG

Multisite mixed model

\TJ Hidden _l_ - - "
Faenia Fa0 F201 psoree ) A g -
Observed ‘ i i —_— i 3 .- ]
Q 0 Q X ~ N(0,Cy) - latent vs,y,:{(lJ Ziﬁs‘l”‘“ﬁ)
Spatial conditional dependence

@ Covariance function : Cy, , (h) with distance h between stations for state K’

@ A\t = P(Yi(t) =11Z® =k) foric1,...,8

°]P>(Y(t):y|Z(t):Z :/ / (OZt) (z1,...,2g)dxy - -dag
With ay = —c0 if y, = 1, ()\z,t,s) else, b; = oo if y; = 0, D71 (A, +5) else
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Multisite Rainfall SWG

Multisite mixed model

sy ) Marginal Memory ) » (17 X <11
yer 0 o N(0.Co) : atent ey, = 1 XS0
0 ese

Spatial conditional dependence

@ Covariance function Cy, ,(h) with distance h between stations for state K

0 Ny =PV =120 =k, vV =y foriet,..., S

° P(Y(t =y | Z(t) — Z’Y'it—l — y;ﬁ—l) —

0 e
/ / Ix7(x1,...,25)dz; - - - dag
al as

With ay = —c0 if ys = 1,7 1(\ 1) else, b; = oo if
y; =0, (I)_1<)\

t
2,t,8,Y;

zi,s’yz—l) else
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Multisite Rainfall SWG

Multisite mixed model

l o H |
X~

<
N(0,Cp) : latent Vs, Y, = {1 fX <o A)

0 else

Spatial conditional dependence

+ Spatial structure — less parameters than O(S?)

+ No restriction on the stations distance
-+ Correlations between stations are captured by the weather types Z and Cy

- The emission is more complicated !
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Multisite Rainfall SWG

Parameterization : periodic parameters

Parameters
@ ML+ @ rain probability at site s, time ¢, for state k

@ pi . : latent spatial covariance parameter in exponential covariance model

@ Qi(k,1),m(k) : transition probabilities and initial probabilities.
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Multisite Rainfall SWG

Parameterization : periodic parameters

Parameters

@ Mg+ @ rain probability at site s, time t, for state k
@ pi . : latent spatial covariance parameter in exponential covariance model

o Q. (k,1),m(k) : transition probabilities and initial probabilities.

degP

Py(t) = b + Z (cgj_l cos(2mjt/T) + cgj sin(2mjt/T))
j=1
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Multisite Rainfall SWG

Parameterization : periodic parameters

Parameters

@ M+ @ rain probability at site s, time t, for state k
@ pi. : latent spatial covariance parameter in exponential covariance model

© Q. (k,1),m(k) : transition probabilities and initial probabilities.

degP

Py(t) =ch+ > (B, cos(2mjt/T) + cf; sin(2mjt/T))
j=1

1
L+ exp(PAeie (1))

Pre = exp (PP (1))
ePQt(kJ)(t) 1

Vi< K, kK)=
1+Z[Ii;1 o PRt(D (1) Qt( ) l_l_zlli;l PR (1)

Cognot Caroline 13 /26
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Multisite Rainfall SWG

Parameterization : periodic parameters

Parameters
@ ML+ @ rain probability at site s, time t, for state k
@ pi . : latent spatial covariance parameter in exponential covariance model

@ Qi(k,1),m(k) : transition probabilities and initial probabilities.

Hyperparameters

K : number of classes
degP : degree of seasonality polynomial
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Multisite Rainfall SWG

Adding the Rain intensity

For now : we get Z(*) the state, (Yl(t), ...,Ys(t)) the occurence of rain.
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Multisite Rainfall SWG

Adding the Rain intensity

For now : we get Z(*) the state, (Yl(t), ...,Ys(t)) the occurence of rain.
What about the amount of rain ( §t)7 ...,Rg)) 7
Model for each location s using EGPD (Naveau et al 2016) :
R, =0 H ' [GTH(U,)]
where Ug ~ U([0,1]), G(v) = v" and He, : GPD(1,&,).
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Multisite Rainfall SWG

Adding the Rain intensity

For now : we get Z(*) the state, (Yl(t), ...,Ys(t)) the occurence of rain.

What about the amount of rain ( §t)7 ...,Rg)) 7
Model for each location s using EGPD (Naveau et al 2016) :
R, =0 H ' [GTH(U,)]
where Ug ~ U([0,1]), G(v) = v" and He, : GPD(1,&,).

Make it correlated between all sites ?

R
Vi=0YU,) =0 [GNS [Hgs <a—>” ~ N(0,Cyp)
s
Idea :
O Estimate EGPD parameters O'k,season,syék,season,sy Rk season,s
@ Transform R, to V;

© Find covariance parameters 6, scason
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Estimation

HMM : Maximum likelihood estimation

@ Hidden states — Expectation-Maximization (EM) algorithm
@ Seasonal parameters 6(t)

I High dimensional integrals

Cognot Caroline 15 /26



Estimation

HMM : Maximum likelihood estimation

@ Hidden states — Expectation-Maximization (EM) algorithm
@ Seasonal parameters 6(t)

I High dimensional integrals

— Tricks make the problem computable

Example: Maximize composite pairwise likelihood >_ . . - wijlog L((yi, y;); 6)
instead of full likelihood log L((y1, - .., ys); ) during the M step of the EM
algorithm.
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Estimation

HMM : Maximum likelihood estimation

@ Hidden states — Expectation-Maximization (EM) algorithm
@ Seasonal parameters 6(t)

I High dimensional integrals

— Tricks make the problem computable

Example: Maximize composite pairwise likelihood >_ . . - wijlog L((yi, y;); 6)
instead of full likelihood log L((y1, - .., ys); ) during the M step of the EM
algorithm.

P P )
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Estimation

Composite likelihood, Varin, Reid, and Firth 2011

For Y ~ fy of high dimension m where L(y,0) : complicated to compute :

Definition

For Ay,..., Ax marginal or conditional events with Ly (0;y) o f(y € Ag;6), and
wyg > 0 weights

K
Le(0;y) = [ Ze(0;9)™*,
k=1

Ly, are easier to compute ! !
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Estimation

Composite likelihood, Varin, Reid, and Firth 2011

For Y ~ fy of high dimension m where L(y,0) : complicated to compute :

Definition

For Ay,..., Ax marginal or conditional events with Ly (0;y) o f(y € Ag;6), and
wyg > 0 weights

K
Le(0;y) = [ Ze(0;9)™*,
k=1

Ly, are easier to compute ! !

Convergence
For n iid realizations of Y, Lo(6; (y'...y™)) = [Tie; Lo (65 yY)

Va(Bor — 0) 5 Ny(0,G71(0)). (3)
with G the Godambe matrix, G = HJ~'H

Maximizing the composite likelihood gives asymptotically the true parameter.

Cognot Caroline 16 / 26



Estimation

EM algorithm : Implementation

julia

Bottleneck : computing multivariate normal integrals of type

Pr(Xy <zy,...,Xs < xs) / / Ix((z, ..., T5))d(z, ..., )

@ Dimension S (in E step): Quasi-Monte-Carlo, julia package MvNormalCDF.
Best method, from Genz 1992.
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Estimation

EM algorithm : Implementation

julia

Bottleneck : computing multivariate normal integrals of type

Pr(Xy <zy,...,Xs < xs) / / Ix((z, ..., T5))d(z, ..., )

@ Dimension S (in E step): Quasi-Monte-Carlo, julia package MvNormalCDF.
Best method, from Genz 1992.

@ Other options : approximations, unfortunately bad for highly correlated
model.

@ Dimension 2 (in M step) : Expression from Tsay and Ke 2023

Cognot Caroline 17 /26



Results on real data

Model selection

Integrated Complete Likelihood

I
ICL(K, degp) = L(Y, Z,0) — %(")lel

With Z the real hidden states... but they are hidden !

Cognot Caroline 18 /26



Results on real data

Model selection

Integrated Complete Likelihood

— = log(N
ICL(K7 degP) = L(Y7 Za 9) - %'ﬂ

With Z the MAP sequence (Viterbi).

ICL vs K, Degree - no marginal memory
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Deg P
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Results on real data

Parameters fitted from real data

Rain probability

Ak,t,s 1 probability of rain in state k, at date ¢, station s.

Mean rain probability for each state :

=
=3

<
ot
—1|Z=¥)

P(Y

e
=}
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Results on real data

Parameters fitted from real data

Rain probability

Ak,t,s 1 probability of rain in state k, at date ¢, station s.

Mean rain probability for each state :

=
=3

<
ot
—1|Z=¥)

P(Y

e
=}

@ North/ South expected difference

@ Separate states.
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Results on real data

Parameters fitted from real data

Spatial scale pg,

latent X®|Z®) =k ~ N(0,C,, ,) where C,, ,(h) = exp(—h/pk¢) pr, : spatial
scale in exponential covariance model (latent variable)

Spatial scale parameter o(t)

800
——— State 1
— State 2
700 — State 3
——— State 4
when K=1
600
g
=
% 500
E
=
) J—
00
00 F
200

Jan  Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
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Evaluation

How to evaluate seasonal large scales properties

@ Seasonal effects
Proposal : we use periodic, time-varying parameters.

@ Quantify long, dry/wet episodes
@ Quantify spatially large episodes

Spatio-temporal indicator to evaluate models :

Rain Occurence Ratio

Cognot Caroline 21/26



Evaluation

Spatiotemporal evaluation

Rain Occurrence Rate (ROR) =

Winter : DJF

004 rg 0.04
003 03
00 oo
on o  n
°
000 000
0.00 025 0.50 0.75 100 0.00 025 0.50 0.75 100
ROR ROR
Summer : JJTA Autumn : SON
~——— HMM-SPA - K = 1. m=0
™ @ Observations 001
0o 003
0.02 0.02
oo 001
00 000
0.00 025 0.50 0.75 Lo 0.00 025 0.50 0.75 Lo
ROR ROR

Figure: Distribution of ROR for the model with K = 1, no marginal memory
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Spatiotemporal evaluation
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Rain Occurrence Rate (ROR) =

Winter : DJF

Evaluation
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Figure: Distribution of ROR for the model with K = 4, no marginal memory
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Evaluation

Spatiotemporal evaluation

Rain Occurrence Rate (ROR) =

Winter : DJF
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Figure: Distribution of ROR for the model with K = 4, with marginal memory
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Evaluation

Dry spells

Dry spell of Rain Occurrence Rate (ROR)
Pg = ]P(RORt < 02, ...,RORt+£ < 02)

0 _ Winter : DJF o _ Spring : MAM

10 10
a0t 107!
£
2 w0t 107
o
107 ¢ w0
0 5 10 15 20 25 0 5 10 15 20 25
100 _ Summer : JJA 10(] Autumn : SON
z0 107"
2
2 2 2
S 10 "1 10
&
) S [ i
0 5 10 15 20 25 0 5 10 15 20 25
Nb of days Nb of days

Figure: Distribution of ROR dry spells for the model with K = 1, no marginal
memory
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Dry spells

Evaluation

Dry spell of Rain Occurrence Rate (ROR)
Pg = ]P(RORt < 02, ...,RORt+£ < 02)

25

1[]0 Winter : DJF 100 Spring : MAM
—O
—S
£ 107! 107!
2
21w 107°
o
107 10
0 5 10 15 20 25 5 10 15 20
1 UO Summer : JJA 1 Uﬂ Autumn : SON
210" 10!
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Nb of days Nb of days

Figure: Distribution of ROR dry spells for the model with K = 4, with marginal

memory
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Conclusion and discussion

Conclusion

What has been done
@ Seasonal Multisite rain occurrence model with hidden weather regimes
@ No restriction on the distance between stations

@ Evaluation with the spatiotemporal indicator ROR
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Conclusion and discussion

Conclusion

What has been done

@ Seasonal Multisite rain occurrence model with hidden weather regimes
@ No restriction on the distance between stations
@ Evaluation with the spatiotemporal indicator ROR
What is left to do
@ Finalize the model selection, analyze the new weather regimes Z
@ Add rainfall amounts + other weather variables
Otyeh_works

igh resolution large scale temperature
model
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Conclusion and discussion

Potential computational improvement : Composite

Likelihood EM (CLEM) algorithm

Il Issue in the EM : E-step still require S—dimensional integrals
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Conclusion and discussion

Potential computational improvement : Composite

Likelihood EM (CLEM) algorithm

Il Issue in the EM : E-step still require S—dimensional integrals
@ Gao and Song 2011 : use the pairwise likelihood as objective !

classic EM : R(0,09) = Ey_y gt (log(L(0, Z,Y))|Y %)
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Conclusion and discussion

Potential computational improvement : Composite

Likelihood EM (CLEM) algorithm

Il Issue in the EM : E-step still require S—dimensional integrals
@ Gao and Song 2011 : use the pairwise likelihood as objective !

classic EM : R(6,09)) = Eypyv,o@)(log(L(8, Z, Y)Y ers)

CLEM: R(,‘(a, e(q)) = ZrzE;"\EZNp(;Y,G(q))(log(L(e’ Za’ Y*{J)ly’(:bs)
For us : CLEM = having one forward-backward for each pair and to combine the
probabilities during the M-step.

+ no S-dimensional integral
- As many FB as pairs instead of just 1

7 Less efficiency
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Conclusion and discussion

Alternative modelization

Unobserved : weather type and latent field (Z(®), X®)) € {1,..., K} x RS
Rain occurence Ys(t)|(X§t), ZW) ~ Bernoulli(®( W4 V20 Az 4.4)))
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Conclusion and discussion

Alternative modelization

Unobserved : weather type and latent field (Z(), X)) € {1,..., K} x RS
Rain occurence Ys(t)|(X§t), ZW) ~ Bernoulli(@(th) + V20 (A0 44)))

Hidden

ir ’ /
(Z0-1) xt-1) -1 (20,x0)¢ (2D, XED) 141 Opserved

QU= 214D), (20, 2)) = (D, 20) x ficin gy (aHD)

S

f(z<t> 2.4 H

s=1

D(&s) + (1—yP)(1- (&s))},

where &, = 2 + \/_<I>_10\z<t>,t,s)
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Conclusion and discussion

Alternative modelization

Unobserved : weather type and latent field (Z(®), X)) € {1,..., K} x RS
Rain occurence Y7|(X ", 2(1)) ~ Bernoulli(®(X{"” + V20 Az 4.,)))

Hidden

/ ’ /
(Z0t=1) X (=) 1 (20 X0 (204D X(H0) 141 Observed

-+ Same interpretation for the parameters
-+ Much simpler M-step : conditional independence of stations

- No longer a discrete HMM : E-step bears all the difficulty
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The EM algorithm -Dempster, Laird, and Rubin 1977

@ Suited for latent models : observed Y7, ..., Yy, latent 71, ..., Zn , parameter
0

@ Objective : find € argmax(log(Lg(y)))
@ Algorithm :

e g initial.

o At each step ¢ :
o E step: Compute R(6,6) = E,_ .y o) (log(L(8, Z,Y))[Y)
o M step : find #1*D) ¢ argmax R(6,0'?)

Cognot Caroline 1/4



The EM algorithm -Dempster, Laird, and Rubin 1977

R(0,09) = S, S i) (k) log (L(yt”, - 453 0e.)
+ 34, 7\ (k) log(m (K))
+ SRS (B ) og(Qu(K, 1)

E step : classic Forward-Backward Baum-Welch algorithm, to compute the

Wi\qrz (), Wi,qt)Jrlm(k, l) where

7D (k) = Py [Zm — K| (y(l),,,,,ym)) _ (y<1),,..7y<n>)}

tln

min (50 = By |20 =k, 200 = (YO, ¥ 0) = (40, )]

t,t+1|n
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The EM algorithm -Dempster, Laird, and Rubin 1977

091 — argmax (R(O, 0(‘1)))

= argmax(SE_, Sy mi D () log(L(nt”, . v i00k)) =R
+ 3f,m D (k) log(m (k) — Ry
+ 251:12?;117Tii)+1|n(k7 1)1og(Q:(k,1))) = R

M step : maximise R, Ry, R3 (parameters are independent)
Issue for Ry : maximize a high-dimensional integral !

How to maximise a sum of type X7, w; log(L(ygt), ...,yc(lt); 0:)) ?
= weighted likelihood
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The EM algorithm -Dempster, Laird, and Rubin 1977

091 — argmax (R(O, 0(‘1)))

= argmax(SE_, Sy mi D () log(L(nt”, . v i00k)) =R
+ 3Ly (k) log(m (k) =Ry
+ S ) (B D) og(Qu (K, 1)) = Ry

M step : maximise R, Ry, R3 (parameters are independent)
Issue for Ry : maximize a high-dimensional integral !

How to maximise a sum of type X7, w; log(L(ygt),. ,yd ,Ht)) /

= weighted likelihood

Solution : composite likelihood
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Pairwise likelihood : back to my case

For many iid samples, maximizing ¥}, log(L(ygt),. ,yc(lt),ﬂt))

X%, jw;; log(L(y, ft),y(t),ﬁt)) give same estimate.

We have dependent data in time with weights from the E step

Want to maximise X7, w; log(L (ygt),. ,yd ,Gt))

Replace by £, % jwijw, log(L(y", 4" 6,))

Hope for the best.
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