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Nonlinear monotone cointegrated models

Two time series X; and Z; are said to be monotonically nonlinearly cointegrated if they are both
nonstationary and there exists a function fy and a stationary process W; such that

Zy = fo(Xe) + Wi

@ fy is a monotone non-increasing function.
o {W;} is an unobserved process such that E(W;|X;) = 0.

@ {X:} is a Harris recurrent Markov chain (positive or S-null recurrent).

Ex: seasonal relationship between average monthly temperatures and ice cream consumption, real
expenditure and household income (Engel’s curve).

For the general theory without shape constraints for fy in the markovian case, see Karlsen et al.
(2007); Cai and Tjgstheim (2015); Tjgstheim (2020) and Wang and Phillips (2009a,b); Wang (2015).
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General framework : Harris recurrent Markov chains

X = (Xn)nen, a ¢-irreducible, strongly aperiodic, time-homogeneous Markov chain, valued in a
(

countable generated) measurable space (E, ) with transition kernel I(x, dy) and initial distribution
v.

Notations: P, (respectively, P, for x in E) the probability measure such that Xy ~ v (resp.,
conditioned upon Xp = x).

Main references: Meyn et al. (2009); Asmussen (2010); Douc et al. (2018).
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General framework : Harris recurrent Markov chains

@ An irreducible Markov Chain is Harris recurrent if for any set A such that ¢ (A) > 0, the
probability of returning to A is equal to one, no matter the starting point:
Vxe E\P,(3n>1:X,eA)=1.
@ For any set A € &£, the random variables
Ta=inf{n>=1:X,€eA}.

=
>0:X,€eA}.

oa =inf{n

are called the first return and first visit times on A, respectively. The subsequent return and visit
times are denoted by 74 (j) and o4 (j), and are defined inductively.

@ The number of times a Markov Chain visits a set A, up to time n, is denoted by
T (A) = >1_oI{X: € A}. This sequence is known as the occupation time sequence.
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General framework : Harris recurrent Markov chains

@ A Harris Markov chain X is said to be atomic when it possesses an accessible atom, i.e. a
measurable set a such that ¢(a) > 0 and MN(x,.) = MN(y,.) for all x, y in a.

@ The sample paths of an atomic Markov Chain may be divided into independent blocks of

random length corresponding to consecutive visits to a: Bo = (Xo, X1, ..., X (1)),
Bl = (XTa(1)+1, cee ,X,ra(z)), Bj = (X’Fa(i)-i-l’ ce ’XTaU+1))’ Among them, {Bj}j>1 are
i.i.d. with common law Lp_, (Xo,Xl, . 7X7'a(1))' These blocks are called regenerations.

@ Denote by T (n) the number of complete regenerations up to time n, i.e.
T(n) = max (0, T (n) — 1).
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Example 1: Symmetric random walk
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Figure: Simple symmetric random walk (SSRW), n = 10°. This chain has 774 regeneration blocks.

n
Xo=YYi , P(Yi=1)=P(Yi=-1)=1.
k=1
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The split chain

@ A Markov chain satisfies the minorization condition M (mg, s, \) if there exists mp e N, se £
and a positive non-trivial measure A such that

nm(x,A) =s(x)A\(A) VxeS,Aef. (1)

e A function s € £ that satisfies (1) is called a small function. A set S € £ is said to be small for
X if the function Is is small.

@ Any Harris recurrent Markov chain that can be "made” atomic. See Nummelin (1978, 1984).
This construction is known as the split chain.

e From now on, we assume that all Markov chains satisfy the minorization condition M (1,s, \)
and we will denote by a the atom of the split chain.
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Positive and null recurrence

e A strongly aperiodic Harris recurrent Markov Chain admits a unique (up to a multiplicative
constant) invariant measure, that is, a measure 7 that satisfies

7 (B) = JI’I(X, B) dr (x).

E

@ This measure has the form
7(B) = Eq (2}1{)(,-@3}), VBe€. (2)
i=1

o For any m-integrable function g,

[EZE @g <x,->) .

@ For any small set C, 0 < 7 (C) < +0.
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Positive and null recurrence

@ An irreducible Harris recurrent Markov Chain is called positive recurrent if the invariant measure
defined in (2) is finite; if it is only o-finite, then the chain is called null-recurrent (i.e. T4 is finite
with probability 1, but its expectation is infinite).

@ A Markov chain is called 8-null recurrent if is Harris recurrent and there exists a small function
h, an initial measure v, a constant € (0,1) and a slowly varying function Lj, such that

[Z h (Xt ] ~ W Ly, (n) (3)

as n goes to +00. See Karlsen and Tjostheim (2001); Karlsen et al. (2007).
@ [-null recurrent chains are also called S-regular chains. See Chen (1999, 2000).
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Positive and null recurrence

In the atomic case, positive and S-null recurrence are characterized via the first time of return (74)
to the atom.

@ An atomic Harris recurrent Markov chain is positive recurrent if and only if Eq7q < 0 (Kac's

theorem).
@ Atomic 8 — null recurrent chains are characterized by the fact that the time of first return
satisfies 1
P(Tq >n) = ———— 4

where L(n) is a slowly varying function. In this case,

B =sup{p=0:Ey[r8] <o0}.
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Estimation in Harris recurrent Markov Chains

Let g be a m-integrable function, and assume g(B1) has finite second moment.

n T(n) n
=Y &l (Bo) + ), &8(Bj) + >, g (Xi)
k=0 j=1 i=7o(T(n)+1)+1
. S s.
o g(Bj) = Z,A(lj:rljo) g(Xi), e T((f)) == { gdr,
o g(Bj), j=1areiid. and Eg(B;) = § gdr. o \/T(n)(S,(g)— {gdm) > N.
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Estimation in Harris recurrent Markov Chains

Define u(n) = n if X is positive recurrent and equal to n®L(n) if is S-null recurrent.

o If X is positive recurrent, % converges almost surely to ﬁ.
o If X is B-null recurrent, I((:)) converges in distribution to a Mittag-Leffler random variable with

index (3, and there is no deterministic sequence a(n) such that Z((:)) converges (almost surely or

in probability) to a non-zero constant. See Chen (1999).

Carlos Fernandez (LTCI) Harris recurrence nd nonlinear cointegrated models July 4, 2025 14 /29



Outline

© Estimating f
@ The estimator
@ Localized S-null recurrent Markov chains
o Consistency
@ Rate of convergence

@ Simulations

Carlos Ferndndez (LTCI) Harris recurrence nd nonlinear cointegrated models July 4, 2025



Estimate fy under
Zt = fo(Xe) + We

@ fy is a monotone non-increasing function.
o {W;} is an unobserved process such that E(W;|X;) = 0.

e {X;} is a Harris recurrent Markov chain (positive or -null recurrent).
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The estimator

Let C be a small set that contains the point of interest xp. Having observed {(X¢, Z;)}7_,, we denote
by T,(C) the number of times that X visited C up to time n and by o¢ (i) the time of the i-th visit.
We consider the nonparametric LSE defined as the minimizer of

Ta(C) )
fro D0 (Zocty = F (Xoe) (5)
i=1

over the set of non-increasing functions f on R.
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The estimator

Let m be the number of unique values of X;_(1),..., Xsc(T.(c)), and Y1 < -+ < Yp, be the

corresponding order statistics. Then, f,,(Yk) is the left-hand slope at ZL”&C) ]I{XUC(,-) < Yi} of the
least concave majorant of the set of points

Ta(C) Th(C)
(0,0), | D) HXoey < by D) ZoctH{Xoc( < Yi}
i=1 i=1

k=1,....m
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Localization

We denote by F, the process defined by

Ta(C) 1

Fi) = 71y 2 ot <9} = g L IXe <y Xee )

for all y € R, which is a localized version of the empirical distribution function of the X;'s.
For each y € R, F, converges almost surely to the distribution function F supported on C and

defined b
’ 7 (C (o0, y])
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Localization

Assume that
@ The functions fy and F are differentiable in C, and their derivatives are bounded, in absolute
value, above and away from zero in C.
© Lc(B1) = Xtep, {Xt € C} has finite second moment.
Then, for all sufficiently small ¢ > 0 we have,
Ta(C) sup |Faly) = F(y)I* = 05 (1)
ly—xo|<e

To(C) sup  |Ft(p)— FY(p)|[ = 0p(1).

lp—F(x0)|<e
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Consistency

Suppose that

@ For each n, the random variables W4, ..., W, are conditionally independent given F,,
E(W;|F,) = 0 and Var (W;|F,) < o2 for some o > 0.

@ F is locally continuous and strictly increasing in C.
e fy is non-increasing, and fy is locally strictly decreasing.
@ fy continuous in xg.

Then, as n — oo, one has

~

fa(x0) = fo(xo0) + op(1).
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Rate of convergence

If in addition to the hypothesis of previous two theorems the following holds:

@ There exists a constant K and a neighborhood V of 0, such that

Tex
E (Z (Hc{Xt<Xo+7}—]1c{Xt<Xo—7})> <Ky VyeV.
t=0

Then, as n — oo, one has

~

fo(x0) = fo(x0) + Op(u (n)™¥3),

1/3

@ In the positive recurrent case, u(n) = n, hence we obtain the same rate n=/° as in the i.i.d.

case. In the B-null recurrent case, the rate of convergence is n=#/3L=1/3 (n).

@ The rate of convergence does not depend on the choice of C.
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Simulations

Consider the function

x?+1 if x <0
fo(x) = { cos(x) ifo<x<7%
—eX +e? if x> 73

and the following Markov chains.

@ Threshold autoregressive (TAR) model with Xp = 0 and
Xn = a1 Xp_11{Xn_1 € S} + Xp—10{Xp—1 ¢ S} + &, for n = 1, where {e,}p>1 is an i.i.d
sequence of standard Gaussian random variables, @ = 0.5 and S = (—o0, 1]. B-null recurrent
model with 5 = 0.5.

@ Threshoold model with Xo = 0 and X, = A,I{X,-1 = 0} + B,I{X,-1 < 0} for n = 1 where A,
is an i.i.d. sequence of standard Gaussian random variables, B, is an i.i.d. sequence of centered

Gaussian random variables with 0 = 2. A,, and B,, are independent of each other. This is a
positive recurrent Markov chain.
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Simulations

TAR model Threshold model
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(a) TAR model (b) Threshold model

Figure: Realizations of both chains with n = 10° points. The orange lines indicate the small set C = [-2,2].
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Simulations

Original data ¥ : Original data
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(a) TAR model (b) Threshold model

Figure: Estimation of fy using f with C = [—2,2]. For each chain, we have simulated a realization with
n = 10° points. The sequence W, is taken as an i.i.d. sample of standard Gaussian random variables.
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Outline

© Perspectives
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@ Relax the conditional independence assumption between W; and X;.
o Find the limit distribution of the f, estimator.

@ Extend the localization approach used here to other shape constrained estimation problems in
Markov chains. For example, concave, or log-concave functions.
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