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Hidden Markov Chain: notations

Dependencies between hidden (o) and observed (o) variables

Yt —

O
(e}
(e}
(e}

Az, 2| =P(Zt =z | Zt1=2); Bly,z]=P(Vi=y|Z=2) |

Joint law of hidden and observed variables: p(z,y)

p(z,y)=P(Z=2zY =y) H B(ye, z¢) Aze, ze-1) | B(y0,20) o(20)

™ = = = = >yt
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Main issues for HMM (Rabiner, 1986)

knowing ‘ compute or infer ‘ algorithm
observations, parameters | probability of the observations | fw (-bw)

-id - smoothing, filtering fw-bw

-id - most likely hidden states Viterbi (~ fw)
observations parameters EM

V.

Objective of this presentation

o provide a unified automatic approach (instead of case by case)
o to write a fw and fw-bw algorithm, compute their complexity
o for a diversity of HMM based models:

- multichains,

- semi-Markov,
- their combinations.
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A probability distribution as a tensor

Distributions

p(z0,...,21) zz€K K={l,...,K}CcN Qy=kKT+

V.

Tensors as multi-ways arrays (T = 2)

p A € RKx..xK — (RK)®(T+1)

k < 2 :
: p(20721722)
c RKokek 12 e . I
/ Alinj. A

i(—)ZO

== = T~

A. Franc (INRAE & INRIA) fw_bw & matrix calculus Masemo, 2025 4/32



New object:
Un-normalized Heterogeneous Markov based Distribution

Definition: it is a tensor denoted A

given T € N*
K € N*
o € R_lﬁ
Ai,..., AT € IRGES

define A € (RX)®(T+1)

by Alzo, ..., z7] = AtlzT,27-1] - . . A1[21, 20] 0 [ 20]
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Why tensors? — Tensor networks, coupling by contractions

Nodes of the network

matrix vector scalar

G?
:
®

(a,-j),-J € RKXK (7Tk)k € RK a e R

m[i] = Z Ali, j] mol/]
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Computation of the normalizing constant

Variable elimination (visual)

3

@O @®
= Go)- L)
@

o

@@N@
@@@

£

’

@ on trees ("message passing")

@ Dynamic Bayesian Networks ? Graphical models with low tree width?
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Elimination as an algorithm on an UHMD

compute W = 22:1 e 22:1 Alzo,...,zr],  KT*l sums )

Algorithm 1 Elimination algorithm elim() on an UHMD

1: input T, K, (A)1<i<T with Ay € REXK 75 € RK

2: forte{l1,..., T} do

3 compute = A; 1 with  m[z] = SK_| Arlz, Z]me1[Z)]
4: end for

5. compute W = 3", m7[Z]

6: return W

¢

Complexity (as number of products)

lines 2 (loop on t) and 3 (matrix x vector product) == O(TK?)
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What is behind: why selecting linear algebra

Main tool: matrix x vector product

The complexity of a matrix x vector product is on O(K?)

X1
y = Ax
XK
K? products
H aji1 --- adiK Vi — ZK i X;
i — i i i Yi = 2.j=19ij%]
E— v
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Sparsity of transition matrix

Ais a K X K matrix

-

Observation

if #A is the number of terms a;; ¢ {—1,0,1}
then y = Ax has complexity O(#A)

Simple example with K =3

a au + w
A=1[-1 0 b , x=1|v — Ax= | —u+ bw
c 1 0 w cu—+v

Complexity in O(#A)
y = Ax costs 3 multiplications instead of 9: O(#A) instead of O(K?)
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One among the three Rabiner's problem

Compute the probability of the observations knowing the parameters

p(y) =Y p(z.y)

z

Joint law as an UHMD

y fixed — define A¢[z:, ze—1] = Blyt, zt] Alzt, zt—1]

joint law  p(z,y) = (H%:T At[Zt,Zt—l]) mo[2o]
define UHMD Apmmlzo, - ., z7] = ArlzT, 21-1] - - - At[21, 20] ([ 20]
v

@ Algorithm elim() on the UHMD A, permits to compute
p(y) = W(Anmm)
o = The complexity of the calculation is in O( TK?)
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Probabiity of the observations as a tensor train

At[ztayta thl] = B[)/t, Zt] A[Zh thl]a At € RKXOXK

Yt

Probability of the observations as a tensor network:

Z Z Z Z
ply) = @ 3 A 222 a V2 (A =2 (o

N S
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Unary marginals (visual with tensor networks)

t=2 zn=z  w(tz)= Y Alz, 2] Az 2]Alz, 2] mz]

Z0,21,23
Variable separation
z 2 N A G @
A A A o
(&) —@—®

Z3 z
i~ @@

e @ @@

m(z, t) = a:[z] Bi[Z]

V.
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Marginal's calculation for an UHMD (smoothing)

Definition: slicing for a tensor

Qg X Ay (031 X Ao 0%} X Az Qas X Ag (071

Ba  xAl Bz xAl B xA] B xAl  Bo

m(0) m(1) m(2) m(3) m(4)

ap RN oy Means that oy = Ajag; © is the Hadamard product.
m(0) =ao®fa, ..., ao=m, Po=(1,...,1)

v
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Pseudo-code for marginalisation: complexity in O( TK?)

Algorithm 2 Marginalisation algorithm margin() in an UHMD

1: input T,K, (Ar)i<e<T with A, € RKXK 75 ¢ RK

2: set ag = 7o

3: forte{l,..., T} do

4.  compute oy = Ar a1, (matrix x vector product, in O(K?))
5. end for

6: set fr =1

7. fort € {T —1,...,0} do

8  compute 3; = Al Bey1 (matrix x vector product, in O(K?))
9: end for

10: for t € {0,..., T} do

11: compute m; = a; © B1_;

12:  return m;

13: end for
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Extension to multichain and richer dependency structures

An example

o ﬁ ff —t=2
T/ ’\T/ .
2 E/I/ “t=0
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General Multichain HMM

Definition

e hidden variables Z, K€ C chains
e observed variables Y; €S89 O observations

and (Z;, Y:): is a Markov chain

Acl(z,y)i (2 YN =P(Zi =2z, Ye=y | Z1 =2 Y1 =)

p(zo.7,¥0:7) = Acl(zT, y7); (271, ¥y7-1)] X

Acl(21,y1); (20, Y0)] x mp[20, Yol

Emission and Transition

Acl(z,y): (2, y)] = Bly, (y', 2, 2)] x Alz, (VZ'J')]

emission transition
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General approach for multichains

Reminder

AG[(Zay);(zlay/)] = B[yv (y/7z?zl)] X A[Z,g,y/)l

emission transition

Yo7 being fixed

o define  Ai[z:, zi—1] = By, (Yi-1, Zt, 2e-1)] X Alzt, (Zt—1, yr—1)]
e Then the joint law is ([ 2] HLT Atlzt, z:—1]

e define an UHMD Ag with A[zy.7] = p(z0.7, Y0.7)

e run elimination and marginalisation algorithm on it.

This leads, in a systematic and unified way, to:
e how to write the fw and fw-bw algorithm
e compute their complexity

v

== = T~
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an example: 1tol-MHMM-CI| model

° A HMM model HMM
° multichain M

° with conditional independence Cl

° bijection between hidden and observed variables 1tol

Conditional independence (simplified)

p(ztlvzt2 | Zt1—172t2—1) = Pl(Zt1 | Zt1—1’2t2—1) X .02(Zt2 \ Ztl—laztz—l)

written as
2y, (.1 2 1./0.1 2 2r_2. 2
A[(Zt17 7 )i (ze—1,Ze-1)] = Al[zt (ze—1,ze-1)] X Az (Ztl—la zi 1))
leading to

C
A[thzt—l] = H AC[Zf; Zt—1] = At[ztazt—l]

c=1
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Forward algorithm for a 1tol-MHMM-CI

Algorithm 3 Forward algorithm for a 1tol-MHMM-CI
1 input T,K,C, mo e RK,  molz] = P(Z = 2)
2: input AS, BE for 1 <t < T and 1 < ¢ < C, with AS, B € RK*K
3: # preparation
4 forte€{l,..., T} do
5. compute A € RK xK® O(T(C —1)K?%)
6 with A9 [z, z,_1] = TS, B[zt, 2 1]AS[2E, z:1]
7: end for
8: # elimination
9: compute W = elim(T, K, (AY);, o), O(TK?9)
10: return W

Complexity: preparation + elimination
O(T(C —1)K2) + O(TK?C) = O(TCK?)
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A Semi-Markov Model as a Markov Model

SMM: (Jp, Xn+1)n is a Markov chain with
e J,is state z at jump n
e X,.1 is sojourn duration is state J,

(Zt, Rt, Et)t is a MM with
e R; is the remaining time until next jump
e FE; is the elapsed time since last jump

ifrr >0 nojump z—z re—rr—1 e — e+ 1
ifre=0  jump z—=Z#z rnu=A.|z,e) er1=1

— A HSMM can be translated into a HMM
e hidden state space K x D x D = transition matrix is KD? x KD?

™ = = = = >yt
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fw and fw-bw algorithm for a HSMM

e Hidden state space has cardinality KD?
e so elimination algorithm is in O( T(KD?)?)

.

Sparsity

Azre: transition matrix (z¢, re, €r) — (Ze41, re41, €64+1)

C at a jump: Azre[(zt7 It, 1)7 (Zt—l) 07 et—l)] = Aj[(zta re + 1)7 (Zt—la et—l)]
o outof a jump: Aze[(zt, 1, €t), (ze—1, re—1,e-1)] € {0,1}

=  #Aye = K?D?

.

— complexity of fw or fw-bw algorithm
O(T(KD)?) instead of O(T(KD?)?)

Challenge

How to write an efficient algorithm for computing 7 = Ayems_1

= = = =
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A, := Aze on an example: ED-HMM, K =3, D =3

=0 x :#0,1; j:=(z=i€{1,2,3},r=4€{0,1,2})

10 11 12 | 20 21 22|30 31 32
10 . 1 . X X
11 . . 1 X X
12 . . . X . X
20 X 1 . X
21 X 1 X
22 | X . X
30 | x X 1 .
31 X X 1
32 X X

KD rows

per row: K —1 terms ¢ {0,1} } = K(K—1)D products

— Complexity in O(TK?D)
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Multichain HSMM

Setting: J-MHSMM

Interactions between chains occur at jumps e only

For one chain ¢

t t+1 t+2 t+3 t+4 t+5

[ ] [ ] [ ] [ ]

z /#Z Z/ Z/ Z z//;éz/
r=0 '=3 =2 r'=1 "'=0 =
e= e =1 e =2 e = e =4 e =1

o Attime t+1, (2, r') depends on the states zfjrl of other chains

o Attimes t+2,t+ 3,t+ 4, the transitions are compulsory
(Z,re)— (Z,F =1, +1)

— the transition matrix is sparse

V.
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Forward algorithm for a J-MHSMM

(zt, 1, €:)e with zo = (22, ...,28), re=(r},...,r¢) and e; = (e},...,ef)

Al(ze, re,et), (ze—1, re—1; €—1)] = p(ze, re e | ze—1, re—1, €:-1)
zf € Kand K| =K

rf € Dand |D| =D

ef € D* and |D*| =D

— Ais a (KD?)¢ x (KD?)¢ matrix

o expected complexity O(T(K2D*)%)
o because of sparsity ~ O(T(K?D?)%)
o  fora J-M-ED-HMM O(T(K?D)¢)
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UHMD on semi-rings

K

Observation

e Matrix x vector product (y; = ijl ajjx;j) does not imply any

inversion (x — 1)
= it can be developped on semi-rings

.

Semi-ring (R U {—o0}, max, x)

° I — max
° X — X
a+0=a — max(a, —00) = a
a(b+c)=ab+ac +— a(max(b,c)) = max(ab,ac)

W(A) of an UHMD A on a semi-ring

On R, W(A) =3 cq, Alz, - - -, 27]
On semi-ring (R U {—o0}, max, x) W(A) = négx Alzo, ..., z7]
F4S95 4

) = = = = ot
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Matrix product y = A® x in (RU {—oc0}, max, x)

K
y=A0x = yi=@j(80x)= max ax
<
]
y=A0Ox

XK

: K? products

— <
The complexity of computing y = A® x is in O(K?).
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Elimination algorithm in (R U {—o0}, max, X)

Algorithm 4 Elimination algorithm for an UHMD in (R U {—o0}, max, x)
1: input T, K, (At)lgth with A; € RKXK, T € RX
2: forte{l1,..., T} do

3: compute s = A; O w1 with m¢[z] = max Atlz, Z'|me-1[2]
SZTS

4: end for
5. compute W = max 71|z
P 1<z<K 7l

6: return W

lts complexity is in O(TK?) as well (lines 2 and 3)
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Viterbi algorithm for a HMM

Finding the most likely hidden state of a HMM knowing the observations and the

parameters.

@ Let p(z,y) be the joint law between hidden and observed variables

@ write p(z,y) as an UHMD Az, ..., z7]

© compute M = max, A[z] with elimination algorithm on A in
(RU{—o0}, max, x)

© run the traceback )

Can be extended as a procedure to
@ Multichain HMM

@ HSMM
© Multichain HSMM with interactions at jumps
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What can be next?

3 different models for a MHMM
@ general MHMM
@ MHMM with conditional independence
© one to one MHMM with Cl

3 different models for a HSMM
@ general HSMM
@ standard HSMM
© ED-HMM )

What is reachable
@ develop fw and fw-bw algorithm as a unified procedure for all these
models
@ cross together choices for MHMM and for HSMM

© extend to EM |
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Message passing on a tree

an example (the hidden layer only is shown)

An

1 B,
Bs1

s
A
. 34 . Bsa
3 w
Boa x>,

>
Sy

V.

How to associate incoming messages

Ta

Te = (Aﬂ'a) © (Bﬂ'b)

\

Th
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