A SPECIFICAL CLASS OF PDMP C
0000
60600000000

Piecewise Deterministic Markov Processes and
Bacterial Growth

B. Cloez, B. De Saporta, M. Doumic, M. Hoffmann, N. K., L.
Robert , T. Roget and Emeline Schmisser

Montpellier, INRIA, Dauphine, Rennes 2, INRA, Lille

MaSeMo, 1st July, 2025



A SPECIFICAL CLASS OF PDMP

ol

A

ELL DIVISION STRUCTURED MODELS
@000 00000
00000000000 0000000000000 0
00000
00000000

Table of contents

A SPECIFICAL CLASS OF PDMP
PRESENTATION OF THE PROBLEM



A SPECIFICAL CLASS OF PDMP
0000

The PDMP (X(t))t>0 depends on the jump rate A, the flow ¢ and
a deterministic increasing function f.

i

£ 42 Y ¢ $(20E)

Zo Z‘L:/(Sb (24 /T2))
€1:f(4>(2=,T4))

>t
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IPjx(-rl > t) —e fot A(é(x,s))ds

and Z; the post jump location after the /-th jump.
& K. ESAIM : P.S. 2016.
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Figure: Exemples of simulations of processes (X) et (Z) for f(x) = x/2

TCP protocol Bacterial growth

////’///////////////. é///////////,////////,

d(x,t) = x+t, A(x) =X B(x,t) = xet, \(x) = x?

e : process Zj — : process X
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Statistical estimation

® To the Piecewise Deterministic Markov processes, we
associate the microscopic model

(Zn, To,n €N).

® The dynamic is determined by the jump rate A(x), the flow ¢,
and the division function f.

e We want to estimate nonparametrically x ~» A(x).
® \We observe the process until its n-th jump.

® QObservation scheme

{(Z,‘, T,'), i § n.}

® Asymptotics taken as n — oo.



Statistical estimation

We have
P(T, €[t,t+dt]|T,>t,Z, =x) = XN¢(x,t))dt

from which we obtain the density of the jump time T, conditional
on Z, = x:

- A@(x. 1) exp (- /0 “M6(x. V)dv).
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The explicit transition

e Using Zy11 = f(¢(Zn, Th)), we further infer

Palx,y) = A(FHy))e S M Delddeg () oy

where

gy) = [(Fo o) ((Fo ) ()]
and éx(.) = ¢(x,.).

® Under appropriate condition on )\, the Markov chain on RT is
geometrically ergodic. (It is however not reversible.)
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|dentifying A through the invariant measure

® Under some assumptions, we have existence (and uniqueness)
of an invariant measure on RT, i.e. such that vgPg = v5g.

® More precisely, we have a contraction property

sup [Pla(x) - / g(2)(dz)| < RV(x)r*
lg|<V

uniformly in A € &, for an appropriate Lyapunov function V.

LL DIVISION STRUCTURED MODELS
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|dentifying A through the invariant measure

I/)\(y) = /l/)\(X)'P,\(X y)]l{f(x)<y}dx
N /EVA(X)A( Hy))e i NG ()15 dx

thank to “Survival analysis trick”

o T [ (5))gis)e o DD g
y

and as we recognize Py... We obtain

() =AF1() /E ()8 sy / Lgss,y P (x. s)dsdx
y
Thus

vA(y) =AF (V) By [820 (V) Ur(20)<y 3 i 2593

CELL DIVISION STRUCTURED MODELS
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Key representation

We conclude

) (F()
Ev, g2, (F(V) Uit zy<roy Lizizropy]
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We consider an orthonormal basis (¢;) of Sp,. Let us set

D
a) =< @, v\ >= /Agol(x)yA(x)dx and vm(x) = Za/gol(x)

The function vy, is the orthogonal projection of vy on L2(A). We
consider the estimator

D
Dm(x) =D aipi(x) with & = 290/ (Zk)-
=1

Proposition
If D2, < n, under some assumptions, for any A € F(c, b),

E (Im — o) < lom = valBagy + Coprrm + 2

&K., Schmisser. Bernoulli. 2021.
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Zgzk 1 ]le>f(y) y>Z 1
We can now consider the estimator
s Da(f(y))
Anly) = B.(y) Loa(f(»))201B,(y)>In(n) -1+ (1)

Theorem

Under some assumptions as soon as In(n)~! < Dy /2, for any
A€ &(c,b),

~ 2 1
2 E ~ 2
s ( An = )\HB(I)) < CopIn*(n) ( (”VA - VAHU(f(I))) + n) '

sup <
AEE(T,b)NH (M, T)

)\—)\

< |n2(n)n—2a/(2o¢+1)_
2z)) ~

&K., Schmisser. Bernoulli. 2021.
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Theorem (Minimax bound)
Under some assumptions, we get

A 2
inf sup E <H)\n — )\H > > Cp~20/(2041)
X A€E(T,b)NH(T,My) L2(7)

where the infinum is taken among all estimators.

&K., Schmisser. Bernoulli. 2021.
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The data set of Stewart (2005) is the evolution of 88 microcolonies
of E. Coli bacteria cultures.
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Direct observations

The exponential growth for Bacteria is now, after much debate,
commonly admitted:

70

Tt
Xt = Xpé€
/e
o
=
S @
s
)
S v
S
<
7k
6+
Heures Heures
1 1 | 5 1 1 1
7 5 3 “ 7 2 3 %
F16. 10. — Phase exponentielle de la eroissance d’une
culture de B. coli en milieu

thétique, avec 300 mgr
par L. de glucose. Coordonnées semi-logarithmiques.

Fic. 11. — Phase exponentielle de la croissance d’une
culture de B. subtilis en miliev synthétique, avec 500 mgr.
par I. de saccharose. Coordonnées semi-logarithmiques.

Figure: Monod’s 1942 thesis on B. Coli culture cells.
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Models assumption:

The division rate B depends on

® size
age (A. Olivier and M. Hoffmann. SPA. 2016.)
nothing

e the increment of size (Adder model)

and/or previous elements and/or something else...

& Doumic, Hoffmann, K., Robert, Aymerich et Robert. BMC Biology. 2014.
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Variability among exponential growth rates

Frequency
-l -t
(@] [¢)]
© ©

[4)
(@)

0 001 002 003 004 005
Growth Rate

In a first approach, we ignore variability and assume a constant 7
for all cells.
©Delyon, de Saporta, K., Robert. CSBIGS. 2018.
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The microscopic approach: constant growth rate

Initially a singe cell of size xp.

Exponential growth x; = xpe™®.

Two offsprings, at a rate B(x;). Division occurs at time T.
The two offsprings have initial size x7/2.

And so on...
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Figure: Random marked tree

dboo s bot
_ bo=b1

Sg,00,58 1 g osbp

&, the birth size b, the birth time (, the life time
u e {0,0,1,00,01,10,11,000,...} .
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The microscopic approach (cont.)
X(t) = (X1(t), Xa(t), ... ) process of the sizes of the population at

time t.
At
: 1 11
~ b= bo1
$4
_ ho=b1
o 1
S6,00. 99 | ¢ i[w 0shp
Xi(t) = Eooe™(tb0) - Xy(t) = &1e7(EP) £, the birth

size by, the birth time  (, the life time
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Main probabilistic tools

® Branching property

® Mass (size) conservation:

Z X,'(t) = XoeTt.
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The tagged fragment approach
Pick a cell at random at each division and follow its size x(t)

through time. Inspired from fragmentation processes techniques
(Bertoin, Haas, among others).

boo = o1

- bLo=ba
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The tagged fragment approach

Tt

x(t) = X0 5N,

where N, is the number of divisions of the tagged fragment
up to time t.
® x(t) isa PDMP

® This enables to obtain a many-to-one formula.
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A many-to-one formula

® Exists in other contexts for Branching Markov processes in a
general setting (e.g. Bansaye et al., 2009, Cloez, 2011).

® \We have,

ElF ()] =& (3

from which we obtain

o[ () e - [ rxto)]

()]
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Transport-fragmentation equation

The mean empirical distribution

Dene(x) + Ox(Txne(x)) + B(x)ne(x) = 4B(2x)ns(2x)
with (ne, f) == E[ Y22, F(Xi(t))].
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Main results of the global approach

In Doumic, Hoffmann, Rivoirard and Reynaud-Bouret SIAM J.
Numer. Anal. 2012, if B € H°®, we have

(E[Hé\n . BHi2(D)])1/2 < n—s/(2543)

This rate is provably min-max optimal.
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Incorporating variability

® To each cell labeled by u, we associate a random growth rate
Tu € [emina emax]-

e Conditional on 7,_, the variability is distributed according to
a (nice) Markov kernel

o(Ty—, d7y).
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&, the size

growth rate

CELL DIVISION STRUCTURED MODELS

Figure: Random marked tree

b, the birth time

(, the life time 7, the

Xl(t) = é‘ooe/’oo(t—boo) Zl(t) = T00
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The corresponding many-to-one formula

® G;: the cumulate growth rate of the tagged-fragment.
® The many-to-one formula becomes

E[W o] - [zf 24|

where Z(t) is the instantaneous growth rate of the tagged
fragment.

e (x(t),Z(t)) is a PDMP
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What of the transport-fragmentation PDE?

The mean empirical distribution
dene(x, a) + adx(xne(x, a)) + B(x)ne(x, a)
:4/ p(a', a)n:(2x, a’)da’.
Ry

with (e, £(-, ) i= E[z;ﬁl f(x,-(t),z,-(t))]
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Statistical estimation

The dynamic is determined by the division rate B(x) and the
variability kernel p(a, da’) (and an initial condition (&g, 79).)

Observation scheme

{(guv CurTu), UE U,,}

with

Asymptotics taken as n — oo.

We want to estimate nonparametrically x ~» B(x).
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Key representation

°* We get

B(y) =Y vg(y/2) .
2
]EVB TL:,L_ 1{5,,7 <y, &u>y/2}

n~t Zueun Kh, (€u — ¥/2)
n—1 Zueun T, {fu— <y, &> }//2} \/wn,

is specified by a kernel function K, the bandwidth h, and the
threshold w,,.
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Proposition

Work under the previous assumptions. Specify
hy = con'/?st) = (In(n)) L.

We have

Eu[l1Bn — Bl22p)) ' < (in(n))ns/(+29)

uniformly in B € F NH*(D) .

®Doumic, Hoffmann, K., Robert. Bernoulli. 2015.
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Numerical implementation

25
—true B(x)
o reconstructed B(x)
_i % |---reconstructed B with no variability
208 P v (X
N
[} /
1 3 i
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Figure: 100 Monte-Carlo estimations, dense tree case. Target function
B(x) = x, 7 = 1. Reconstruction for n = 27 and ¢ = n'/2.



A SPECIFICAL CLASS OF PDMP CELL DIVISION STRUCTURED MODELS
0000 00000
60600000000

Table of contents

CELL DIVISION STRUCTURED MODELS

To co FUTHER



CELL DIVISION STRUCTURED MODELS

O®@000000

The goal is to generalize what precedes to stick even more to the
reality

® take into account the difference between "young” and "old"
poles

® |ook at the Adder models
® allow that division does not give 2 bacteria of the same size

This is a work in progress with Bertrand Cloez, Benoite de Saporta
and Tristan Roget.
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Figure: Cell division binary tree with the type of each cell
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Figure: Random marked tree

&, the size b, the birth time Cy the life time T, the
growth rate 6, the proportion of the mother size
Xi(t) = gooe™(t=b0)  Zy(t) =70 oo = Ooboe ™
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The corresponding many-to-one formula

® The many-to-one formula becomes

f(x(®).2(1).P(t)
E[(NﬁﬂmeWﬂ]:Hﬂ}jﬁlmxxwgauypxqﬂ.
where Z(t) is the instantaneous growth rate, V(t)
accumulated growth rate and P(t) type of the tagged

bacterium.
e (x(t),Z(t), P(t)) is a PDMP

® We then have the representation
V() 4 CO HCh
w(8) = xe" 057 0§ (2)

with C? the number of divisions resulting in a bacterium with
a old pole and C} the one with a new pole.
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What of the transport-fragmentation PDE?

The mean empirical distribution

with

<n(t7 ')a ¢

Orn(t,x, v, i)+ v Oy (xn(t,x7 v, 1)) + B(x)n(t, x, v, i)

_ f B(x,v',0)
= Je T2

po(v,dv')B(x/0)n(t, x/bo,dv', i)

(3)
+ [ 2t 1 (v, dv')B(x/01)n(t, x/01, AV, i),

n(0,x,v,i) = nO(x,v,i),x >0.

) =, [Zd)(X,-(t), Zi(t), P,(t))] for every ¢ € C(S)
i=1

and n;(t, x, v) the density of n;(t, dx, dv).
& K., Proceedings of IWBPA24
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Figure: In red the estimated invariant probability and in blue the
estimated division rate. On the left for the old cell and on the right for
the young.
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