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Adaptive filtering Kalman-Bucy filter

Kalman-Bucy filter We are given a couple of equations

dX; = f (9, t) Yedt 4+ o (t) dW, Xo, 0<t<T,
dY; =a(v,t) Yidt + b(0,t)d V4, YYo=y, 0<t<T,

where W;,0 <t < T and V;,0 <t < T are independent Wiener
processes and the observations are X7 = (X;,0 <t < T). The
process YT = (Y;,0 <t < T) is hidden. The functions
f(,t),0(t),a(d,t),b(v,t),t €0, T] are supposed to be known,
smooth and the parameter ¥ € © C R? is unknown. The true value
is Y and the initial value yq is deterministic and known.
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Adaptive filtering Kalman-Bucy filter

The conditional expectation m (9, t) = Ey (Y:|Xs,0 < s < t) and the
error (9, t) = Eg (Y — m (9, t))* are solutions of Kalman-Bucy
(K-B) filtration equations (Kalman and Bucy, 1961)

dm (9, t) = a(19,t)—7(197t)(’:)(;9’t)2 m (9, ) dt

HEDFE.D),
()2 |

=2a(d, t)y (I, t) —

9y (9, 1)
ot

+b(0,t),

with initial values my = Ey (Yo|Xo) and ~o = Ey (Yo — mp)®. Recall
that m (¥, t) is an optimal estimator of Y.

Pb.: To obtain a good recursive approximation m;,0 < t < T of the
process m(Jg,t),0 <t < T.
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Adaptive filtering Kalman-Bucy filter

How to chose an estimator? The likelihood ratio function is:

L(ﬁ,Xt):exp{/Ot f(9,5) m(0,s) dXs—/ot f(q?,s)2(m)(219,s)2ds}‘

o (s)? 20 (s

The MLE 9, and BE ¥, are defined by the relations

A - Ip (¥ L(19 Xt) dv
L(9¢, XE) = sup L (9, X?), Uy = Jo
(V. X5 s S TP L, X dY

To construct the MLE and BE of the parameter ¥ we have to
calculate the functions {m (¥,s), 0 <s < t}, ¥ € © and
{v(¥,s), 0 <s < t}, J e O defined by the K-B equations.

Remind that but we can not put the MLE @TAor BE U in m (9, t)
because the stochastic integral containing (1, t) does not defined.
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Adaptive filtering Kalman-Bucy filter

Remark that the direc:c numerical calculations of the MLE
¥:,0<t < T orBE¥:;,0<t<T are almost impossible.

To approximate m (to, t) we propose the following program:
@ Calculate a preliminary estimator U, on relatively small interval
of observations [0, 7] (t/T — 0).
@ Using 9, realize One-step MLE-process o, r<t< T

@ As approximation of m (v, t) we propose m; obtained with the
help of K-B equations, where 9 is replaced by 97,7 <t < T

@ Estimate the error my — m (U, t) (asymptotic efficiency?).
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Adaptive filtering Hidden Markov Processes and Adaptive Filtering

We apply this construction and propose adaptive filters to different
models of observations in K. “Hidden Markov Processes and Adaptive
Filtering", Springer series in Statistics, 2025.

© Small noise in both equations: o (t) — co (t),

b(¥,t) = Y.b(0,t), e - 0,9. -0

Small noise in observations only: o (t) — o (t)

Conditionally Gaussian processes: f (¢, t, X;) Yz, a (¥, t, X;) Ys.
EKF: f(0,t,Y;) etc. € = 0

Hidden O-U process: f,0,—a, b, T — o0

Hidden telegraph signal: Y; =aor Y;=b, T —

Hidden AR process: X; = Yy +ow, Yi=aYi 1+ bvy, T — 0

Several applications (localization of the fixed and moving source
on the plane, identification of security price process,
change-point problems, BSDE approximation)

0000000
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© Different levels of noise
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Basic Model

Suppose that

dX; =f(9,t) Yidt +eo(t)dW,;, Xo=0 0<t<T,
dYt:a(ﬁ7 t) Ytdt+¢€b(19a t)dvta Y0:y0-
Observations are X7 = (X;,0 <t < T) and the asymptotic £ — 0.
The properties of MLEs are defined by the asymptotic of the integral
(M9, t) = (0, t)m (¥, 1))

/T [M (9o + @ u, t) — M (o, t)]°
0 2 o (t)°

dt — UTl (190) u.

Set 1. = £°,6 € [0,1] and . = "% . Then in regular problems
e (9.~ o) = N (0.1(00) ).
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Different levels of noise Basic Model

Denote a* (v, t) = a (¥, t) + £ (9, t), £(9,t) = [Inf (9, t)],. The key
representation is

e a (1) —a (V1) (Yo, t) ye (90) (1 + 0 (1)

M (9, t) — M (9, t)

T v B(U1)
[f (9, 8) b(V,t) — f (Yo, t) b (o, t)]
—I—\/% 2B (0. 1) (e (1+0(1)),

where B(9,t) = b (¥, t)o (t)f (9,t)"" and
§ee =& ~ N(0,1).

The random variables &;,0 < t < T are independent.
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Different levels of noise Basic Model

Then we obtain 5 different problems:

Y. =¢, (6 =1),
Y. =1, (0 =0),
Y. =& where 1/3 < § < 1,

(U :51/31
Y. =€, where 0 < § < 1/3,

Pe = Eh(é) .

Hidden Markov Processes and Adaptive Filttering

()08 61
Pe = \//E;
Qe =€,
905 - 8%1
1-6

4)05 = £ 2

Paris, July 4, 2025
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Different levels of noise Basic Model

Figure: Function h(9)

For 6 € (0, %) the higher noise — the smaller error of estimation!
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Different levels of noise Program

Remind our program

@ Preliminary consistent estimator 5775 by observations
X, 0< t <.

@ Properties of the MLE . and BE ..

@ One-step MLE-process 0,7 <t < T

o Adaptive filter m;_,7 <t < T
e Asymptotically efficient adaptive filter.
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© The same level of noise (. = ¢)
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The same level of noise (1) = &) Model of observations

Consider the linear two-dimensional partially observed system

dX; = (9, t) Yidt + eo (t) AW, Xo=0, 0<t<T,
dY;=a(0,t) Yidt +eb(t)dVi, Yo=y #0.

Asymptotic € — 0. The limit (¢ = 0, ¥y is the true value) system is

t
xtwo)z/ F(00,5)ys (o) ds, 0<t<T
0

ye (96) = yo exp (/ot 2 (Vs 5) ds) |
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Minimum distance estimator

MDE. Set [0, 7.] (learning interval, 7. = £2/3 — 0) and by
observations X7 = (X;,0 < t < 7.) we construct the MDE

The same level of noise (e = €)

U, = arg 1;2{9/ [X: — x (9)]* dt
0

Regularity conditions: the functions f (v, t), a (4, t) have two
continuous derivatives on 9, | (¢,0)| > 0. It is shown that

Proposition

The MDE is consistent, as. normal

1/2
Tg/

6 0(0)°
5y0)'c(19070)2’

— (J. =) = N (0.D(%)),  D(¥)

and the moments converge.

1/2__1 —2/3
Here 72/°c1 = ¢72/3,
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The same level of noise (1) = &) Kalman filter

The system can be simplified if we denote 7y (9, t) = &%, (U, t).

dm (9, t) = [a . ) — 2= t)( ; 0. ”2] m (9, ) dt
L (0, t) f (v, t)dX
s
w =2a (19’ t) T (797 t) o - (ﬁ’;)(tgz(ﬁ’ t) + b (797 t)2 :

Denote y; (¢, 9) = m (9, t) |.=0. It is solution of the equation

dy: (9,90) v, (0, 1) f (9, t)°
- [a (9,t) — . (t)2 ] ye (9,90, t)

L (9,t) £ (0, t) f (o, t)
o (t)?

Yt (190) .
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The same level of noise (1) = ) BUNSELERES

Introduce the notation: S, (¢, 9, t) = f (V,t) y: (¥, o),

S. (9,90, t) = £ (9, 1) y: (9,90) + £ (9, ) 7 (9, 9) ,

[T 5, (9,00, t)?
|(190)_/0 e

Here 1 (¥), o € © is the Fisher information.

Theorem

The MLE and BE are uniformly on compacts K C © consistent,
asymptotically normal

- -
- 0 0:>C(190)

—> (%) ~ N (0.1(00) 7).

and asymptotically efficient.

v
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W CHEVE RS CECRN ORI One-step MLE and One-step MLE-process

Le Cam’s One-step MLE 9} is

9=, 1T () / Mr..5) [aX, — M., )ds] .
Te O'(S)

and One-step MLE-process v; ., 7. <t < T

e
gi =, + 18 () / 5.0, Or.; ) |aX; = M(J.. s)ds] .

Te o (5)2

Here M (0,s) = f (J,s) m (¢, s) and the K-B equation for
M(0..,s),7. <s< Tis(a*(¥,t) = a(V,t) + £ (V1))

AM(J,.,s) = {a*(&n, t) — (@, (D, t)%(t)—ﬂ M(J,., t)de
+ 7D, )F (D, )20 (1) 2dX,
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LR CREVE R CECREIERS I One-step MLE-process

Fisher information function

t ¢ 2
Ii(ﬁo)z/%ds>0, T<t<T, 9€0O.
T g\Ss

Proposition

This estimator-process for all t € (., T] is consistent, asymptotically

normal
¥ =

te

2 — (o) ~ N (0,05 (90) )

the moments converge and it is asymptotically efficient.
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The same level of noise (e

The estimator ¥;. consistent and as. norm.

v

gy . 1 )
t,e 0 _ 797-5 Uo + I:E(ﬁTs)_l/ S, (19 &79) )dWS
y £S5, (9., 0., s y

() / Se(Vr,, V7, ) [M(Do,5) = M(D-..5)] ds.

eo (s)
We have
t (4 -1 tS(,[g’ ’1‘91757 ) 1 * t -1
USRS S W= G (00) ~ (0.15)7")
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The same level of noise (1) = &) Proof

Taylor expansion of M (¥, s) at the point .,

0o — V) 1 £ $.(9,.,9,.,5) U, — )
( 0 a) _ / ( ) 257 ) d5+( € 0) O(l)
c @) o) :
Set 7. = ¢%/3
y 2 s
<1975 _ 190) _ il (575 - 190) &
€ € T. €
[ 72/ 1? €
— | (19TE - 190) <50
TE
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The same level of noise (1) = &) Proof

Denote

Ui — . o1 [5S, (0,0,
o= G =t [ 20w,

0

It is proved that for any 75 € (0, T) the random process
(i, 70 <t < T converges in distribution in (C [0, T],B) to the
Gaussian process (; (Ug),70 < t < T. Recurrent presentation

S.(V,,, 0, 5)?

dd;, = 1(J,) [ ;] ar

te

[dXt — M., t)dt] ,
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The same level of noise (1) = &) BACEGATRTIEE

Adaptive filter.

Suppose that we already have:

@ The learning interval [0, 7.], 7. = £%/3.
@ Preliminary MDE 1575.

@ K-B equations for M(¥,.,s), 7. <s< T
© One-step MLE-process ¥; ., 7. <t < T:

. . £ 5.0, 9, .
Iro =, 41 (D)7 / % |aX; = M(J.. s)ds] .
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The same level of noise (1) = &) BACEGATRTIEE

The adaptive K-B filter mze,ra <s<Tis

o Vte f (19:76’ t)z *

dmi, = |a (U}t my dt + ————=dX,,
R s o0
2
87t€ ’Ytzs f (19;57 t) 2
2 25 (9F ot - 7 bﬁ*’t , .= 0.
ot a ( t,er ) e, o (t)2 + ( t,e ) o,
The initial value m; _ = m(J,., 7.).
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The same level of noise (1) = &) BACEGATRTIEE

Introduce the notation:

(1907 t)2 15 (190’ t)

Ao, t) = a(io. 1) — o () 7

& (Jo,s,t) = exp (/:A(ﬁo, v) dv) . B(do,t) = f (Yo,

K (190, 1.') = [a (190, t) — B (190, t) 72-(190, t)] Y (190) s

Gelio) =, () [ 2w (),

n* (7.90,1') Z/ ¢(190,S, t)K(ﬁQ,S) CS (190) dS,

D* (Yo, t) = Ey, [n* (Y, t)z] .

Y.A. K. Hidden Markov Processes and Adaptive Filttering

t) Vx (1907 t)

o (1) ’
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The same level of noise (1) = &) BACEGATRTIEE

Theorem

Suppose that the regularity conditions hold. Then the error of
approximation of m (1o, t) by m;_ is asymptotically normal

mi_—m (Jo, t)

€

:}n*(’ﬁo’t), TStST
and for any p > 2

£ PEy, ‘m:’e — m (Yo, t)‘p — Ey, [n* (Do, t)|7.

If p=2, then Eg,n* (¥, t)* = D* (0o, t).
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LLCEELCNEVERSECECN CERSI I Asymptotic efficiency

Asymptotic efficiency.

Introduce the function
SE(9)? =y (0,915 (9)",  dee.
For all estimators m, . of m (", t) the following bound holds

lim lim sup e 2Ey|m.. — m (9, t)]> > S; (9o),

v—0._0 [9—do|<v

The estimator m;_ of m (U, t) we call asymptotically efficient, if

ACK DS
|. |. _2E * _ /19 t 2: yt( 07 0
R e

holds for all ¥, € ©.

Note that m;_ is not asymptotically efficient.
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LLCEELCNEVERSECECN CERSI I Asymptotic efficiency

We have

m (9, t) = yo® (9,0, t) + B (9, t) X,
t
- / X (9,5, 8) [B(0,5) f (1, 5) — a(d,5) + BL(0, 5)] ds.
0
Let us put &, (s, t) = ® (5, s, t) and consider another adaptive
filter
Me.=m (95, t) = yo®: (0, 1) + B (V5. t) X,
t
- / X0, (s,1) [B (9:.,5) F (07.,5) — a(0:..s) + BL (9:..5)] ds.
0
We prove that
e2Ey (M. — m (0, 1)) — yi (9,9)° EgCe () = S (0)°.

Therefore ;. is asymptotically efficient.
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The same level of noise (1pe = €)

K.(1994) Identification of Dynamical Systems with Small Noise.
Kluwer, Dordrecht.

K., Zhou, L. (2021) "On parameter estimation of the hidden
Gaussian process in perturbed SDE", Electr. J. of Stat., 15,
211-234

K. (2025) Hidden Markov Processes and Adaptive Filtering,
Springer, Cham.
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@ Low noise in observations (1. = 1)
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CTVNTTECNT RCLEERT L ENEUMEEN I Model of observations

Model of observations. Consider a non-homogeneous partially
observed linear system described by the equations (6 = 0)

dX. = f(0,t) Yedt + eo (t) dW,, Xo =0,
dYt:a(’l?, t) Ytdt+b(197 t) th, YOZ}/O

Limit model (¢ =0) is

x; = f (o, t) Y, =0 0<t<T,
dYt = 3('!90, t) Ytdt + b('lg(), t) th, Yo = Y.

Here ¥ can be estimated without error by “observations” x;.
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CTVNTTECNT RCLEERT L ENEUMEEN I Model of observations

The process x;,0 < t < T is described by the equation
dx} = [f' (Do, t) + f (Yo, t) a (Do, t)] Yedt + f (Do, t) b (Do, t) AV,
where x§ = 0. Recall that by It6's formula, we have
t t
X2 = 2/ xLdx +/ b (0o, 5)* f (9o, 5)° ds.
0 0

Thus the following function is deterministic

t t
wt:xgz—z/ x;dx;:/ b (Yo, 5)2 £ (1, 5)% ds = K (1o, t)
0 0
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Low noise in observations (e = 1) VL EIRCINC TV

Under mild identifiability conditions, the observed function W, defines
Yo for any t € (0, T] without error. For example, the estimator ¥*
defined by the equation K (¥*, t) = W, is without error, i.e., 9* = 9.

If £ (0,t) = £ (t), b(0,t)> = h(t) + Vg (t), where all functions and
1) are positive, then the “estimator”

ii= ([ ereras)

Therefore the consistent estimation by observations X is not
excluded.

-1

{wt - /Ot h(s)f(s)? ds} = V.
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Low noise in observations (¢ Semiparametric estimation

Semiparametric estimation.

Suppose that we have the partially observed system

dX; = f (t) Yedt + o (t) dW;, Xo =0, 0<t<T,
dY; = a(t) Ydt + b(t)dV,, Yo = Yo,

where a(-),b(:),f (:) and o (-) are unknown continuously
differentiable functions.

Consider the problem of estimation of the function
v, :/ f(t)b(t)’dt, 0<7<T
0

by observations X 7. Remind that this is quadratic variation of the
derivative of the process X, at the point € = 0.
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Semiparametric estimation

Introduce the statistic

Ny.—1

Xeras, — Xeny  Xemo, — X \°
wTE — i+1 e i+1 _ i € i , 0 < < T
; ( 3 3 T

Here t; = i¢., N, . = [é} the rates . — 0,0. — 0 will be defind

later. Just note that as the first step is derivation we wait that the
rate . — 0 has to be faster than the step of discretization ¢. — 0.

Proposition

Let the condition a(-),b(:),f(-),o () € C*[0, T] hold and chose
6. = ¢&,0. = €*3. Then for any p > 0 there exists a constant C > 0
such that

E|V,. -V |P < CrP/2eP3,

v
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Low noise in observations (¢ Parameter estimation

Parameter estimation

Remind the model of observations

AX, = f (0,t) Yedt +eo (£)dW,,  Xo=0, 0<t<T,
AY, = a(d,t) Yedt + b(0,£)dVe, Yo =yo

The functions b (-) and f (-) are supposed to be known. The
functions a(-) and o (-) do not used in the construction of the
estimator. The parameter ¥ € © C R9 is unknown and has to be
estimated by observations X. The set © is open, convex and
bounded.

Y.A. K. Hidden Markov Processes and Adaptive Filttering Paris, July 4, 2025
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(ICTVNTTEENT NG EREI N EN CUEE BN Parameter estimation

Fix some 7 € (0, T] and define the function
t
v, (9) :/ F(9,5)72b(0,s)ds, O0<t<r 9eOCR".
0

As estimator of this function we take the nonparametric estimator

Nt,E_l

2
\Uta = Z (Xti+1+6 — Xti“ - Xti+€ — Xti) ) O<t<T.

’ € €
i=0

Here t,'+1 —t = 81/3, ty = 0 and Nt,e — [t€—1/3].

We already know that
Wt,z—: —> \Ut (790) .

This convergence allow us the following constructions of the following
estimators. .
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Low noise in observations (¢ = 1) Parameter estimation

MME. The MME 9} _ can be defined as follows. Let us fix d points
0< 7 <7 <...<Ty=T7 and denote the vectors

V= (Vo VoL, W, ) and

v (0) = (W, (0),V,, (9),...,V, (¥)" . The estimator is defined
as solution of the system of equations

I = V().

Note that having the estimator W, .,0 < t < 7 we can define the
MDE 9, . too by the equation

T . 2 . T 5
/0 [wt,s - \ut(mg)} dt = inf /0 V.. — v, (9)Pdt.
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Low noise in observations (1. = 1) Parameter estimation

Introduce the notation

g(Wov) = inf [V (9) =W (Do)ll, T (Jo) = Wi(J0) V7 (V)"

and Conditions J€*:

. The functions a (¥, t),b (0, t),f (9,t), o(t),€ C},C3.
. The matrix T (9) is uniformly non degenerate

inf inf e T(Y)e>0.
€O  |le||=1,ecRd

5. Foranyv >0

19|0n€f®g(19o,u) > 0.
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Low noise in observations (¢ = 1) Parameter estimation

Proposition

Let the conditions 7* hold. Then the MME 9} _ is uniformly
consistent and for any p > 2 there exists a constant C = C (p) > 0
such that

sup e P23 7P2Ey, |95 — ﬁoHp < C.
JoEO

Example 1.
Suppose that f (0, t) = 9f (t),9 € (o, 5),a >0, b(V,t) = b(t).

v, (1) = 192/ £ (£ b (1) dt
0
and the MME is
0=V, (/ f (t)° b(t)2dt)
0
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Example 2.

Let £(6.£) = £ () and b(0.2) = (1) + L, Vs (t))l/z. Then

wTk(ﬁ):/oTk s)ds+219/ () g (s)ds

:HHZ&J-GJk, k=1,....d.

j=1

Suppose that the matrix G = (Gj),,, is non degenerate. Then we

have the relation
¥ =G (v, (¥) —H), H=(Hy,...

with the obvious notations.

7Hd)T

Hence the MME is o7 . = G~} (W, . — H) and this estimator has the

properties described in the Proposition.

Y.A. K. Hidden Markov Processes and Adaptive Filttering
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Low noise in observations (1. = 1) BINSENNE]S

MLE and BE.
The LR function is

T T 2
L(ﬁ,XT):exp{/ det—/ Mdt}, v € ®.
0 0

20 (1) 2:20 (t)°

where M (¥, t) = f (9, t) m (¥, t) and

dm (9, ¢) = [a (0, ) 'Y(iﬁzf’(rt()f’ O\ 9. 1) e
v (9, t) f (v, t)dX
2oy 0
D80 200,07 0.0)- L EED 4,0y,
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Low noise in observations (1. = 1) BINSENNE]S

Then the MLE 9. and BE 9. are defined by the usual relations
/ 9 p(I)L(9, XT) dv
LD, XT) = sup L(9, XT), U, =28 .
vco / p(I)L(9, XT) dv
)
Denote S(9,t) = f (U,t) b(J,t) and set
[f (9, 1) b(9, 1) — f (Yo, t) b (Yo, 1)]°
G (9,9) = dt
= | e ots
[0S0 0,
B 0 25(197 t)O’(t) 7

TF@,t)b(0,t) (F(0.t) b, 1)\
'(19):/0 20 (1) (f(ﬁ,t)-i-b(z?,t)) dt

:/OT 5239(’:)) L%I 20 t)rdt.
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Low noise in observations (1. = 1) BINSENNE]S

Conditions 7"

A

S F(9,),a(0,),b(0,) € CTP.
Ay, f(9,t),0(t), b(V,t) are separated from zero.

A

3. Forany v > 0,
inf inf G (9,9) > 0.
Bo€O ||9—do||>v

;. The Fisher information matrix is uniformly non degenerate.
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Low noise in observations (¢ = 1) EVINSETNET=

Theorem

Suppose that the conditions A hold. Then the MLE 9. and BE 9.
are uniformly on compacts K C © consistent, asymptotically normal,
ie.,
(19\5 — 190) (1’98 - 190)
Ve Ve

the moments converge: for any p > 0 uniformly on K C ©

— (W) ~ N (o, I (190)‘1) , — (o),

lim <2 g,||(De — 9o) [° = Ev 1 (90)]1°,
li_r}rz)ap/zE%H(ﬁs — 90)||P = Ea, [IC (Vo)

and both estimators are asymptotically efficient.
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Low noise in observations (¢ = 1) EVINSETNET=

Lemma

Suppose that the functions F (t), G (t), H(t),t € [0, T] are
continuously differentiable on [0, T], that F(0) = 0 and that
F(t) >0 for all t € (0, T]. Then, for any t € (0, T], we have, as
e — 0, the relations

Ng(t):é/otexp{—é/stF(v)dv}G(s)dSZ%{l—i—O(a)}
Ma(t):%/Otexp{—é/stF(v)dv}H(s)dWs=> Zﬁt()t) €.

Here, the variables &, ~ N(0,1) are mutually independent for all
t e (0, T].

The family (&, t € (0, T)) is not a stochastic process!
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Low noise in observations (1. = 1) BINSENNE]S

Lemma
For any ty € (0, T], we have

V(0. t) bV, t)a(t)
€ f(9,1)

= O(e).

sup
to<t<T

The equation for the filter are replaced by the equation

dm (9, t) = [a . 1) — 2 t)(i)(f O 9. 1) e
L (9, t) fgﬁ, t)dXt
eo (t)

=A0,t)m(I,t)dt + B (I, t)dX;, m(9,0) = yo.

Here
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(NI NG ERE I EN EUVMEE BN One-step MLE-process

One-step MLE-process.
Introduce notations: M (9% _, t) = f (9%, t) m(t),

M(ﬁisﬂ )_f(ﬁj's? ) (t)+f( T,E? )I’;’l(t),
t5,s) Ui — o
t o ) — s
IT (79) _/7: 25(19 5) ( )d57 Ct,s (790) \/g )
5 (Yo, s
96) = I (00) / °)_ dw (s), <t<T,
Gt (o) 0) 25 (00.5)0 (&) w (s) T<t<
where w (s),7 < s < T is some Wiener process and
dm(t) = a (95, t) m(t)dt
Uy, t) (U5
W DI (o7, 0) (o]
20 (t)?

~

dih () = A (97, ) 1h (£) de + A (9, t) A () de + B (97, t) dX..
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(NI NG ERE I EN EUVMEE BN One-step MLE-process

Introduce the One-step MLE-process 07,7 <t < T

tM(9* s
Ui =0 A1) / Mre,5) [dX; — M9, s)ds] ,

r  eo(s)

and Conditions F*:
. The functions f (9, t),b(9,t),0(t);(0,t) € © x [0, T]
are separated from zero.
75" The conditions 7¢* of Proposition 4 hold.

2

5. For any ty € (1, T]

inf inf  e'l?(¥y)e > 0.
B0€O  [|e||=1,ecRd (o)
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One-step MLE-process

Low noise in observations (¢ = 1)

Theorem
Let the assumptions 7* hold. Then the One-step MLE-process 7,

T <t < T has the following properties:
© It is uniformly consistent: for any ty € (7, T] and any v > 0

pﬁo( sup [[9%. — Vo ,,) o,

t<t<T

@ The random process (;. (Vo) ,to < t < T converges in
distribution in the measurable space (C [ty, T],B]) to the

Gaussian process (i (Vo) ,to <t < T
© Al polynomial moments converge: for any p > 0

5_”/2E190||19:,5 — Jol|” — Eg, |Ce (o) [P
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Low noise in observations (¢

08N Adaptive filter

Adaptive filter.

The adaptive filter is constructed as follows.
o Fix the learning interval [0, 7.], where 7. = /12 with the
observations X™ = (X;,0 <t < 7.).
® Putty=0,tip1 = t; +e'3, N, . = [e7V/*] and calculate the
statistic U,_..
e Solve the equation W (9) = W . whose solution is 9 = (5
@ Introduce the One-step MLE-process V5 _,7. <t < T,

t,er

1 t M (19* ,5)
Uy =100 + = Xs — M (v, )
be I (0) /TE o (s)? d (77.+5) ds]
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ise in observations (1 = 1) WWACEISAZR{ll7g
Here M (19;, t) =f (192, t) m (192, t) T <t<T

o M(V:,t),7. <t<T issolution of the equation

b(vr,t)f(Vr,t)

M (9%, t) = ——= () =M (9%, t) dt
b(Vr,t) f (V5,t)
R O B

o M (192, t) , 7. < t < T is solution of the equation

b(Vr,t)f (V5,t)

dm (1927 t) - eo (t) M (?927 t) @
i b (19757 t) f (1975762 z;)f (1975’ t) b(v,t) [dXt - M (19;; t) dt] :
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Low noise in observations (1. = 1) BACESACR1g

The adaptive filter is given by the equation

b (i, t) f (U5, t)
eo (t) b eo (t)

v
*

subject to the initial value m;__ = m(?,,,7.). Note that in this case
too we have the recursive representation

*x
dmt78 = —

ARG

L (05) 250050 0()
L1 M (97, t)
L (97) eo(t)

di;, =

[AX, — M (9., s) dt]
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Low noise in observations (¢ = 1) Adaptive filter

Theorem

Let the regularity conditions hold. Then,
@ I is known then

Y: — m (U, t) b (o, t)o(t) (. 2 1/2
oo t) _ o000 (o)) 14 00

© If Y is unknown, then we have the representation

Ye—m; £ (Do,t)» b(o, t)o (t) .1y L)
T = Py e o) Ve T (¢ )

te te
where g, > 0 and

A 2 ~ _
Euo (G (Y0) o) — Eale (90)° Eao Y2 =16 (9o) ™ B, V2
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Low noise in observations (10 = 1) BASYNLIRS T IeY

Let us denote

).f (79, t)2 E, Yt2

S = 0 )

where
t
EyY? = ¥36 (9,0, 1) +/ ¢ (0,s,t)*b(9,s) ds.
0

We have the lower minimax bound: for any t € (0, T] and any

Yo € ©
lim lim sup e *Ey|m(t) — m(0,t)]* > S (o)°.

V=0 250 |9—do|<v
The adaptive filter m} is asymptotically efficient

. . —1 * 2 _ C* 2
llzl—%ah—% |79_550F\)§1,€ Ey |m; — m(9,t)]" =S; (Yo)”.
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Low noise in observations (10 = 1)

K (2019) "On parameter estimation of hidden Ornstein
-Uhlenbeck process”, J. Multivariate Analysis. 169, 1, 248-263.

K (2024) "Volatility estimation of hidden Markov process and
adaptive filtration”, Stoch. Processes Appl., July, 173, 104381
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© Different Levels (1. =£%,1/3 < < 1)
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Different Levels (1. = e’ VARG  Model of observations

Model of observations.

Consider the partially observed stochastic linear system

dX, = f (9, t) Yedt +eo (t)dW,,  Xo=0, 0<t<T,
dY,=a(¥,t) Yedt + b (9, t)dV:, Yo =y #0,

where 1. = €°,§ € (1/3,1). The Kalman-Bucy filter is

dm(9,t) = a(v, t)m (v, t)dt
f(0,t)y(0,t)

82(7(t)2 [de —f (19’ t) m (797 t) dt] y M (79’ O) = Yo-
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Different Levels (1. = e’ VARG  Model of observations

Riccati equation

f(0,t)° (9, t)°
e20(t)?

0y (9, t) _

5 2a(0, t)y (9, t) —

+ ¢2b(V, t)?,

where v (9,0) = 0.

The likelihood ratio function is

T T 2
L(ﬁ,XT):exp{/ det—/ Mdt}, 9eo.
0 0

20 (t) 220 (t)?

Here M (9,t) = f (¥, t) m (9, t).
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Different Levels (1. = e’ IWERSURGINI  Parameter estimation. MDE

Parameter estimation

MDE. Fixed observation interval.
The MDE 15776 is defined by the equation

/OT [Xt - Xt(éa)]2dt — inf /OT X, — x ()] dt.

Introduce the d X d matrix

v

T(ﬁ):/ ()% (0) A, deo,

0

Gaussian vector

¢ // 19r/ (0,5) ¢ (9, r,s)dsdV, %, (0) dt,

where ¢ (¢, r,s) = exp ([~ a (¥, v)dv) and the function

é‘(2907 = inf / [X1_L 190 —Xt )] dt.

[9—o|>v
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Different Levels (1. = e’ ARG  Parameter estimation. MDE

Conditions & .

2. The set © C R9 is open, convex and bounded.
Z1. The functions f (9, t),a(v,t),b(9,t),
0 <t <T,9 € O have two continuous bounded
derivatives on 9 € ©.

%5. The matrix T (9) is uniformly non degenerate

inf inf  eT(¥)e’ >0.

VEO |le[|=1,eeR?
%5. Foranyv >0
inf é’(lgo,y) > 0.

P EO
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Different Levels (1. = e’ ARG  Parameter estimation. MDE

Theorem

Let the conditions & hold. Then the MDE is consistent,
asymptotically normal

v

Wt (797,5 - 190) = ( (Vo)

and the polynomial moments converge: for any p > 0

Y= PEy |07, — JollP? — EsolIC (90) |17
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Different Levels (1. = e’ ARG  Parameter estimation. MDE

MDE. Vanishing observation interval.

Let us describe the properties of MDE
v o i Te _ 2
v, = arg 1;22/0 [Xi — x: (V)] dt

constructed by the observations X™ = (X;,0 < t < 7.) on the
vanishing interval [0, 7.], where 7. — 0. We will need such estimator
for the construction of One-step MLE-process later.

Y.A. K. Hidden Markov Processes and Adaptive Filttering Paris, July 4, 2025  58/81



Different Levels (1. = e’ ARG  Parameter estimation. MDE

Conditions &°.

Zy. The set © = («, 3), where a and 3 are finite.

7. The functions f (¥,t),a(d,t),9 € ©,t € [0, to] have
two continuous bounded derivatives on 9. Here ty > 0 is
some (small) real from the interval [0, T].

%5 . The functions f (19,0), f (¥,0) and b (¥, 0) are separated
from zero uniformly on 9 € ©.

Z%. The functions
f(9,t),a(d,t),b(V,t),9 € ©,tel0,t) have
continuous bounded derivatives on t.
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Different Levels (1. = e’ ARG  Parameter estimation. MDE

Let us denote

1 33 ) , 6,
D(Q‘}):ygrw’of (1401‘(19,0) b (0,0) +§o—(0)>.

Proposition

Let conditions Z° hold and \/T_Ews_l — 00. Then the MDE ’575 is
consistent and asymptotically normal

\/% (éfe - 190) — N (0,D ().
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Different Levels (1. = e’ WERSUREGO MLE and BE

MLE and BE

Denote ¢ (¥, t) = 0Inf (9,t) /ot = f (V,t) /f (V,t). Then the
Fisher information in this problem can be written as follows

(T ) LW, )R ye (9)
1(9) _/0 e dt, veo.

Define as well the function

G000 = [ B0 =200 10,0 Lo PR 0,
R b(0, 1) '

Note that the Fisher information does not depend on o (+).
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Different Levels (1. = e’ WERSURGHI MLE and BE

Conditions % .
.

2.

Y.A K.

The functions

F(9,t),a(0,t),b(0,t),t€[0,T],9 €O and
o(t),t € [0, T] have continuous derivatives on t.
The functions f (9,t),b(J,t),t €[0, T],9 € © and
o(t),0 <t < T are separated from zero.

. The functions f (¥, t),a(d,t),t €[0,T],0 € © are

two times continuously differentiable on 1.

. The Fisher information is positive

inf 1(¢) > 0.
Je0
. Foranyv >0
v)= inf inf G (¥,1%) > 0.
g( ) Po€O |9—Jg|>v ( ’ )
Hidden Markov Processes and Adaptive Filttering Paris, July 4, 2025  62/81



Different Levels (1. = £2,1/3 < &6 < 1) YNNI

The mean squared estimation error satisfies the Hajek’s minimax
lower bound: for any ¥y € © and any estimator 1,

lim lim sup ¥ 2Ey |0 — 0" > 1(0) "

v—0._0 |9—o|<v
The estimator ¥% is called asymptotically efficient if for any ¥y € ©

lim lim  sup 72Eg |97 — 9 =T1(9) "

v—0e—0 |19—190‘§V
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Different Levels (1. = e’ WERSURGHI MLE and BE

Theorem

4ssume that conditions % are satisfied. Then the MLE 1§6 and BE
. are uniformly consistent, asymptotically normal

(1’9\5 — 190) —1 (,1'9'8 - 790)
= (00~ N (01(0) ), S = ),
the convergence of moments holds,
~ P 2 P
¥, — 0 ¥, —
E190 ¢ e — E190|C (190) |p7 E190 ¢ c — E190 |C (190)|p7

for any p > 0, and both estimators are asymptotically efficient.
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Different Levels (1. = £2,1/3 < &6 < 1) YNNI

Let us denote o (¢, t) = b (¥, t) o(t)/f (¥, t) and ¥, = Jg + - u
Lemma

Let the condition ev.~* — 0 hold . Then, for any t, € (0, T],

_ ol® £
oot = 70( )
The function v (¢, t) in K-B filter is replaced by 1.7 (9, t).
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Different Levels (1. = £2,1/3 < &6 < 1) YNNI

Recall that M (0, t) = f (9, t) m (Y, t) and If 1/3 < 6 < 1, then
Pe = ¢a
e a(v,t)—a(Vo, t)+L(0,t) — (D, t)

5M(t) = E B(,&, t) f(ﬁ07 t)yt (790)

Lemma
For any u € U, and any t € (0, T] the relation

M (ﬁu? t) - M (’1907 t) . [a (’1907 t) +€(1907 t)]yt(

9o)
o (0) — et b (Do, 1) (1+0(1)),

holds.
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Different Levels (1. = e’ WER SR  One-step MLE-process

One-step MLE-process.

The learning interval is [0, 7.], where 7. = £/, and the preliminary
MDE is

v

B . T€ B 2
U, = arg 1;22/0 [X: — x: ()] dt.
Note that /7.9t = (¢/42)}/2 — co. Therefore
7 (U, — o) = N'(0,D ().
Introduce the random process M(1, t), 7. <t < T by

AM(D,., t) = A* (.., t)M(D ., t )dt+¢€ B, ,t) dX..

subject to initial value M(J-., 7.).
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Different Levels (1. = e’ WER SR  One-step MLE-process

Here
* % (0 wE Dx (9
A (1975’ t) =4 (19&7 t) - ?B (19‘%7 t)7
bt bt 2
B(ﬂT€7 t) ,7*(197—67 t)f(,l?ﬂs? t)
o(t)?

Define the Fisher information function

té*ﬂ,szysﬁ2
Iﬁe(ﬁ):/T (b(f}),s)2( Vs, n<t<T.

Introduce the One-step MLE-process 95 _, 7. <t < T.

t,er

:,5 _ 1\9/7-5 + 'l/}f / a (?97'575).)/5(19 5) [dXs . M(l\éTE,S)dS )
It (0,.) Jr. & b(ds.,5)o(s)
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Different Levels (1. = e’ WER SR  One-step MLE-process

Theorem

Let the conditions % hold and 6 € (1/3,1/2). Then the estimator

process ; ., 7. < t < T is uniformly consistent, asymptotically
normal

Y193 — Yo) = N(0,1(%0) )

If the learning interval is fixed, then this convergence is valid for

§€(1/3,1).
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Different Levels (1. = e’ ARSI Adaptive filter

Adaptive filter.

Suppose that the learning interval is [0,7], 0 < 7 < T and we have
the MDE 9. constructed by the observations X™ = (X;,0 < t < 7).
This allow us to admit the values § € (1/3,1) for the construction of
the One-step MLE-process

t okl g v
R

: [dXS ~ M., s)ds| .
+ € b(V,s)o(s)

The adaptive filter is defined by the equation

e b(VE ., O)F (U3, t
e o(t)

e b7, 1)

e o(t)

dm;. = [3(1925, t) )] m} dt + X

for the values 7, <t < T, where 7, € (7, T). It is asymptotically
efficient.
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NNV ENEIER VAN Model of observations

The system is
dX; = f (v, t) Yedt + co (t) dW,, Xo =0, 0<t<T,
dY, = a(v,t) Yedt +3b (9, t)dV,, Yo = yo,

We have the representation (¢, = ¥ + - u)

om(t)  a(y, t)—a(lo,t) +L(Vu,t) — £(Do,t)
c - 81/38(’19, t) f(ﬁ07 t)yt (190)

N [f (Dy, t) b(Dy, t) — F (Do, t) b (Do, t)]
el/3,/2B (¥, t)

Ete-

and therefore . = /3. Hence

5M(t) - é(ﬁ07t)+é(1907t)
c =u B (190’ t) f('&()a t) Yt (190)

[f (790’ t) b (1907 t) + f (190, t) b (790, t)]
2B (v, t)

+u gt,a-

Y.A. K. Hidden Markov Processes and Adaptive Filttering Paris, July 4, 2025  71/81



DN A RV ERERERVA)NN  Parameter estimation. MDE, MLE, BE

The same MDE with the learning interval [0, 7.], 7. = ¢?/3 is
consistent and asymptotically normal

V3, — ¥99) = N (0, D (dy)).
Fisher information

[T IFW,s)b(0,s) + f(9,5)b(0,s)]? s
W= | 2 (0,9)bWs)a(s) "
/ [a(9,s)+ ¢ 195)]2)/5(19) ds

b(¥,s)’ '

The MLE, BE are consistent and asymptotically normal

e1/3 (ﬁs - 190) — i~ N (0, I (790)‘1) , el — o) = it
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IRV ENEIEN WA One-step MLE-process

The One-step MLE-process is

t

* _ ITg M 7—57)
05 =0, + 54/3 / [dx M., )ds]

The estimator is asymptotically normal

e V3 (0%, — o) =} (Vo) ~ N (0, 1§ (190)—1) .
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IRV ENEIEN WA One-step MLE-process

The limit random variable 7} (o) can be written with the help of two
independent Wiener processes

* [f 7‘907 1907 )+f(7‘907 )b(7‘907 )]
e (o) = 1o (Vo) {/ S (o) bos) o) (s)
)

[0 00 o, )
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Adaptive filter

The adaptive filter is

dm;, = [a* (U}, t) — e 2PB (05, t)] mi.dt + 2B (¥}, t) dX,,
where B(0,t) = f (0,t)b(0,t) o (t) Tand . <t < T.

The error of approximation is

m:,s -—m (ﬂ()? t)

c1/3

| bW, t) o (1) B f (90, t) ye(D0)| .

. [ﬁbwo,t)fwo, A f (V0. 1) ] Mee (1+0(1)
b (o, t) /o (1) F (00, 8) ye ()] .

- [\/Qb(ﬁo, t) f (o, t) & - f (U0, t) ] n; (Vo) -
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@ Different Levels (0 < 6 < 1/3)
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DIE ARV EN (IR V) Model of observations

Recall the partially observed system

dX; = (0, t) Yedt + co (t) AW, Xo =0, 0<t<T,
dY: = a (¥, t) Ydt +°b (0, t)dVi, Yo = yo,

where 0 < § < 1/3. The representation is

M(ﬁuv t) B M(ﬁ()? )

\/7 [f (Vu,t) b(Vu, t) — f (o, )13(790775)]'5
V2B (9, ) o

. [F(Wo, t) b(Vo, t) + £ (Yo, t) b (Yo, t)]
_”%\/j 2B (0, 1)

te-

(1-9)
Therefore p. = % =c z .
3
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DI ARV EN (IR V) Parameter estimation. MDE

MDE The MDE is the same

v

V.. = arg 1;2};/0 [Xe — x: (19)]2 dt.
If the interval [0, 7] is fixed, then

e, — o) => N (0, Dy (o)) .

If the interval [0, 7.] is vanishing, 7. = ¢'7, then

(6=1)

e 7 (0. — ) = N (0, Dz (v)).
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Different Levels (0 < § < 1/3) Parameter estimation. MLE and BE

MLE and BE Under regularity conditions
VE0- — d0) = ¢ (o) ~ A (0.1(50) ).

& . = ) = ¢

and polynomial moments converge too.

Here the Fisher information is

1(19)_/07' [f(ﬁ,t)b(ﬁ,t)+f(lgvt)b(&t)}z

= 26 (0. 1) F (0, 8) o (1) dt.
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I ARV EN (RN V) One-step MLE-process

One-step MLE-process The One-step MLE-process
W . <t<Tis

tes

L@ fFM@D,s) .
05 =1, + T 2 dX, — M(Y,., s)ds| .
t,e e + 51/}5 /TE o (5)2 |: ( € 5) S]

The random processes M(¥,., s) and M(J,., s) are defined by the

same equations as before and 7. = £17°.
We have
o= [t S (W,
e (00) =15 (0) Woi2) _ qu (s
Pe 0 /2S5 (Wo,s) 0 (s)

Here S (¥,s) = f (¥,s) b (¥, s).
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Different Levels (0 < § < 1/3) BCEREN{Tg

Adaptive filter.
Case 0 € (1/5,1/3). The adaptive filter m; _,7 <t < T is

b
dm;. = [a (V;..1) — 7B (V.. 1)) midt + g—”‘s%dxt,

and the error of estimation has the following asymptotics

m;s -—m (7907 t) b (190’ t) g (t)
—
~(50-1)/2 \/2b (Yo, t) f (Do, t)

1 (o) &,

where B(0,t) = b(0,t) f (0, t) o (t)"" and & ~ N (0,1) and

19075) b(ﬁo, 5) +f (190, 5) b (’190, S)
\V/2f (o, 5) b (U, 5) 0 ()

dw (s).

) =1 o) [ HL
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Different Levels (0 < 6§ < 1/3)

K. (2025) Hidden Markov Processes and Adaptive Filtering.
Springer, Cham
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Thank you for your attention!
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