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Hidden Markov Model

We observe (X}),, which depend on an unobserved Markov chain: the path
of hidden states (Sy),.

X1 Xn

S1 Sn
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Hidden Markov Model

What is the path of hidden states?
X1 Xn

S1 Sn

@ Posterior decoding : path of the most probable hidden states (k by k)
given the data.

@ Viterbi decoding : most probable global path given the data.
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Hidden Markov Model

What is the path of hidden states?
X1 Xn

S1 Sn

@ Posterior decoding : path of the most probable hidden states (k by k)
given the data.

@ Viterbi decoding : most probable global path given the data.

@ «—Viterbi decoding : set of most probable global paths (within a ratio « of
the best probability) given the data.
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Hidden Markov Model

O

€L €Lk+1

dk Qk+1
— S

Y

Spy1 ——> o

@ ke{l,.,n}

@ Hidden state: S, € X. (Sk);<,<,, is @ Markov chain.
e Initialization: Vs € ¥, q,(s) = P (S, = s)

@ Transition: gi(s,s’) =P (Sx =5 | Sk—1 =)

@ Emission: ey (s,z) =P (X =z | Sk = )
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Hidden Markov Model

ek €E+1

gk dk+1

2
Y

Spy1 —— o

Joint distribution of (.S, X):

P (8, X) = q1(S1)ex(S1, X1) [ [ ax(Sk-1. Sk)er(Sk, X5)
k=2
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Hidden Markov Model

ek €k+1

qk qdk+1

2
Y

Sk+1 > ...

Joint distribution of (.S, X):

P (S, X) = q1(S1)er(S1, X1) [ [ ar(Se—1, Sk)er (S, Xi)
k=2

All the probabilities are known. If the model is parametric, we assume the
parameters are already estimated by a suitable method:
Expectation-maximization (Baum-Welch), Direct likelihood maxmization, etc.
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Viterbi algorithm

P (8, X) = q1(S1)ex(S1, X1) [ | ax(Sk-1, Sk)er(Sk, Xi)
k=2

Observing X = z, we look for the o € ¥™ which maximizes P (S = 0, X = x).
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Viterbi algorithm - forward probabilities

P (8, X) = q1(S1)e1(S1, X1) [ | ax(Sk-1, Sk)e(Sk, Xi)
k=2

Observing X = x, we look for the o € ¥ which maximizes
P(S=0,X =2)=p"™(c) where:

Vk € {1,..,n},Vo € Xk,

pM (o) = P(Su,. . =0Xu. k) =21, 4})
k
= (J1((71)€1(0'17x1)H%’(Uz’—lvai)el(ahl’i)
i=2

Maximal probability: py; = max,esn» p™ (o).

3 July 2025
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Viterbi algorithm - quantities of interest

@ Maximal forward probability reaching a given state at a given step:
Vke{l,.,n},Vse€X,

v(k, s) := max {p(k)(a) coeXF oy = s}
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Viterbi algorithm - quantities of interest

@ Maximal forward probability reaching a given state at a given step:
Vke{l,..,n},Vs X,
v(k, s) := max {p(k)(a) coex¥k o= s}
@ Traceback: predecessor reaching the maximal forward probability
Vk € {2,..,n},Vs €3,

7(k,s):€ L suchthat: 30 € XF 0, = 5,001 = 7(k, 5), p(k)(a) =v(k, s).
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Viterbi algorithm - quantities of interest

@ Maximal forward probability reaching a given state at a given step:
Vke{l,..,n},Vse€ X,
v(k, s) := max {p(k)(a) coeX o = s}
@ Traceback: predecessor reaching the maximal forward probability
Vk e {2,..,n},Vs € X,

7(k,s):€ X suchthat: 3o e X* o = 5,001 = 7(k,s), p*(0) = v(k, s).

@ Optimal path tail:
vk e {1,.,n},

ok e yn=ktl gych that : 3o € BF71, p™ (0 - 0B ™) = pyy.
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Viterbi algorithm - computing the quantities of interest
v(k, s) := max {p(k)(a) coeXk o = s}

doe Ekaak‘ = 5,061 = T1(k,s), p(k)(g) =v(k,s).

@ Forward recurrence for the maximal forward probabilities and tracebacks:
v(1,s) = qi(s)ei(s,z1)

v(k+1,5) = max {v(k,t) qry1(t,5)} exra(s, Tri1)

7(k+1,s) € argmax {v(k,t) qrt+1(t,8)}
tex
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Viterbi algorithm - computing the quantities of interest

@ Forward recurrence for the maximal forward probabilities and tracebacks:
v(1,s) = qi(s)ei(s, r1)
ok +1,5) = max {v(k 1) g1 (t )} ensa(s,aes1)
T(k+1,s) € ar;genéax {v(k,t) qrs1(t,8)}

@ Backward recurrence for the optimal path, using the final vector v(n, -)
and the tracebacks:
o™ ¢ argmax v(n, s)
sEX

o(E=1m) (g lFm)y . g (kin)

We reach an optimal full path o(*™).

M. Pluntz, S. Foulon, A.-L. Leutenegger, H. Perdry A generalized Viterbi algorithm for identifying the multig: 3 July 2025 15/38



Viterbi algorithm

e Fast: O (n X |S|2) complexity

@ Not very memory-intensive: the largest object is the n x |S| matrix 7. The
v(k, -) can overwrite each other.

@ Produces only one path, which is limited for inference and
visualization/exploration.
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Multiple Viterbi algorithm («-Viterbi)

Let « €]0, 1]. We look for all the paths o € " such that p(™) (¢) > a pa;.

Variant: k most probable paths with & fixed in advance. Brown and Golod,
Decoding HMMs using the & best paths: algorithms and applications, BMC
Bioinformatics, 2010.
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a-Viterbi: quantities of interest

@ Probability ratio associated with a given transition

Yk > 2,Y(t,q) € % with v(k,s) >0 :

1
r(k,t,s):= m max {p(k)(a),o ext o =top= s}
By construction, 0 < r(k,t,s) <1land r(k,7(k,s),s) = 1.

r(k,t, s) indicates how much likelihood is lost by each transition ¢ — s
reaching s at step k, compared to the most likely transition 7(k, s) — s.
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a-Viterbi: quantities of interest

@ Probability ratio associated with a given transition

Vk > 2,Y(t,q) € ¥? with v(k,s) > 0:

1
r(k,t,s) = ) max {p(k)(a),o extion =to,= s}
@ Maximal relative probability of a path tail
Votall ¢ skt (ki) taiy Lk {p(n)(ahead . glally ghead ¢ Zk—l} .
bPm

By construction, 0 < r¥™ (%) < 1 and 5™ (o(kim) = 1.

r{¥) indicates how much likelihood is lost by choosing a specific path tail

compared to the optimal path.
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a-Viterbi: quantities of interest
@ Probability ratio associated with a given transition

Yk > 2,Y(t,q) € % with v(k,s) >0 :

1
r(k,t,s) = m max {p(k)(a),a ext o =top= s}
@ Maximal relative probability of a path tail
Volal ¢ yin—h+1 rg\l;[:n)(o,tail) — Lmax {p(n)(ghead ) o,tail) ohead Ekq} .
Pm

@ Set of w-admissible path tails
Elkn) . {Jtail e ynktl g ghead ¢ yh—1 y(n)(shead  taily apM}

_ {Utail € Ykl rg\’}:") (ofal) > a}.

We are looking for E, = ES™.
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a-Viterbi - computing the quantities of interest

@ Forward recurrence for v (like in simple Viterbi) and r:
v(l,8) = qi(s)e1(s,z1)
U(k + 17 S) = Itneaé{ {U(k‘,t) q]e-i-l(t: 5)} ek—i—l(sa xk-l—l)

’U(k‘,t) Qk+1(t7 S) 6k+1(8)
v(k+1,s) '

r(k+1,t,8) =
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a-Viterbi - computing the quantities of interest

@ Forward recurrence for v and r.

@ Backward recurrence for the sets of admissible path tails and their
maximal relative probabilities, using the final vector v(n, -) and the
probability ratios:

E™™ = {(s):s € 2, 0(n,s) > apy}

v(n,s)

V(s) € BL, iy () =

Pm
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a-Viterbi - computing the quantities of interest

@ Forward recurrence for v and r.

@ Backward recurrence for the sets of admissible path tails and their
maximal relative probabilities, using the final vector v(n, -) and the
probability ratios:

E&n:n) ={(s):s€X,v(n,s) > apn}

W(s) € S, rip™ () = —U(;;}S)

E((k=1)in) — {t co,te X, o0e EFY :r(k,t, o) TE\Z:n)(U) > oz}

Vo € E&(k—l):n)) T%{kfl):n) (o) = r(k, o1, 00) rg‘l/c[:n) (02..).

Until reaching E, = E{"™.
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a-Viterbi - computing the quantities of interest

@ Forward recurrence for v and r.
@ Backward recurrence for the sets of admissible path tails:

E(k-1in) {t ot e, o EF okt o) rg};m)(a) > a}
o
= U {toteSirthton) > .
ceEE™ M

gl grows in size as k decreases, with every tail having at least one
antecedent.

If a bound is desired on | E.|, we keep |ES™ | under it by increasing a
when necessary.
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Cumulative probabilities

Given a and E,, we can compute the total probability of the set:
p(n) Z p(n
o€E,

How does it behave as a function of a?

How to choose o to get a desired p(™ (E,,)?
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Cumulative probabilities

v(k, s) = max {p(k)(o) coeXF oy = s}

D((ll:k)(s) — {0 ELE o) = 8, p(k) (0) >« v(k‘,s)}

CP(k,s,a) := ! Z p* (o)

U(k, 8) oeDS:k)(S)

The CP(k, s, «) (on a logarithmic grid of «) are computed by forward
recurrence without having to enumerate the DS (s):

CP(k+1,s,a) = ZCP(kt 1t ))r(k—i—l,t,s)

tex

Finally, we get p(™ (E,) by summing over the CP(n, s, o).
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Homozygosity by descent

- e -Q Homozygosity: Identical alleles at a
i A locus of the genome.

HBD: child of related parents may

\ . . ]
” d inherit an ancestor’s allele through
‘ ‘ \ both parents.

| \" | At each generation, the two
chromosomes of a pair randomly

! I exchange segments (crossing-over).

Therefore, HBD happens in randomly

S | ’ started or interrupted segments.

Child of first cousins.
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Markov Model for HBD

X1 Xn
S Sn
k=1,..,n:loci
Sk € {nh,h} : non-HBD or HBD Observed alternative alleles :
Tnh—hs Th—nh * X, € {0,1,2} with emission
rates of state switching per Morgan probabilities dependent on S, allele
(genetic distance unit) frequencies, and genotyping error rate.

First cousins: rph_nh = 2/5, Th—snh = 6
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Markov Model for HBD - comparision of decodings

1.0 T e W. Wo o o

0.8 7 posterior probability

0.6

HBD probability/status

0.2

0 2000 4000 6000 8000 10000

locus

HBD status of a simulated child of first cousins

M. Pluntz, S. Foulon, A.-L. Leutenegger, H. Perdry A generalized Viterbi algorithm for identifying the multig: 3 July 2025 29/38




Markov Model for HBD - comparision of decodings
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Markov Model for HBD - comparision of decodings

1.0 e e . > o
F ﬂ alternative probable path
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Markov Model for HBD - comparision of decodings
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Markov Model for HBD - cumulative probabilities
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Walking the mammoth

Arctic Ocean “

A mammoth’s body was found with
- isotope concentrations in his tusk
mirroring those of his environment
accross his life. Where was he?

0 250 500 Km
[ T

Evidence of mot “This study:
early humans paleontological - Mammoth frequently
. (calibrated years BP) ~ specimens¢ used areas
[ JLGMIce extent at different life stages?
[ ILeM Sea level © 211,000-14,200*  On 210 Neonate/Juvenile
[ IBering Land Bridge © n<10 o Aduit
[ Modenn terrestrial extent /M Final two winters
“i,)Death location

Wooller et al., Lifetime mobility of an
Arctic woolly mammoth, Science,
2021.

M. Pluntz, S. Foulon, A.-L. Leutenegger, H. Perdry A generalized Viterbi algorithm for identifying the multig: 3 July 2025 34/38




Walking the mammoth
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Walking the mammoth

All trajectories in ESQ”) Colors

indicate density of paths.
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Conclusion

@ We propose a Viterbi-like algorithm for finding all the paths of hidden
states with posterior probability above a given proportion of the maximal
posterior probability (that of the Viterbi path).

@ The cumulative probability function allows to choose the cutoff « to target.

@ It also shows that even large families of paths may gather only a little
cumulative probability.

@ We used «-Viterbi on both a small-X (HBD) and large ¥ (Mammoth)
problem, with differing computational challenges.

@ Data storage question: how to represent a large family of long similar
paths?

@ Comparision with Brown and Golod’s k best paths?
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Thank you
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