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Abstract

The lecture aims to present and comment on the results of the recent books on
perturbed semi-Markov-type processes and their applications:

[1] Silvestrov, D. (2025). Coupling and Ergodic Theorems for
Semi-Markov-Type Processes |l: Semi-Markov Processes and Multi-Alternating
Regenerative Processes with Semi-Markov Modulation. Springer, Cham,
xiv+550 pp.

[2] Silvestrov, D. (2025). Coupling and Ergodic Theorems for
Semi-Markov-Type Processes |: Markov Chains, Renewal and Regenerative
Processes. Springer, Cham, xix+590 pp.

[3] Silvestrov, D. (2022). Perturbed Semi-Markov Type Processes Il: Ergodic
Theorems for Multi-Alternating Regenerative Processes. Springer, Cham,
xvii+413 pp.

[4] Silvestrov, D. (2022). Perturbed Semi-Markov Type Processes I: Limit
Theorems for Rare-Event Times and Processes. Springer, Cham, xvii4+-401 pp.

[5] Silvestrov, D., Silvestrov, S. (2017). Nonlinearly Perturbed Semi-Markov
Processes. Springer Briefs in Probability and Mathematical Statistics, Springer,
Cham, xiv+143 pp.
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Asymptotic Expansions for Nonlinearly Perturbed SMP

[5] Silvestrov, D., Silvestrov, S. (2017). Nonlinearly Perturbed
Semi-Markov Processes. Springer Briefs in Probability and
Mathematical Statistics, Springer, Cham, xiv+143 pp.

- Nonlinearly
Perturbed

Semi-Markov
Processes

e Calculus of Laurent asymptotic expansions:
A(e’:‘) = ahAshA + -+ akAakA + OA(EkA) (—OO < hag < kg < OO)7

where:
oa(e") /" = 0 or |oa(e")| < Gackatoa,
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Asymptotic Expansions for Nonlinearly Perturbed SMP

ne(t),t > 0is, for £ > 0, a semi-Markov process with state space
X ={1,...,m} and transition probabilities Q. j(t) = p,iFe,ij(t).

(@) (@) pi(e) = S0t agllle' + 05(e'i+), (i,)) € A (Jog| < Gye™in+IK+o)

- I=lij,

(b) pii() =0,(i,j) € A

eij(k,€) :/ u*F. j(du), k> 1.
0

(‘8) (a) ej(d,e) < o0, (i,j) € Ae > 0,
(b) ej(k,e) = Zjn’#lﬂ[k] bylk, lle' + ok (™M), (i,j) € Ak < d

(|Ok,ij| S Gk,l-J-EmfjHr[k]"'ék,ij) i

7.(D) = inf(t > 0: n-(t) € D), for D C X.

e Assimptotic expansions without and with explicit upper bounds
for remainders for moments of hitting times, stationary and
quasi-stationary distributions.
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Asymptotic Expansions for Nonlinearly Perturbed SMP

Recurrent reduction of state space

m,-er[k]
Eim(D)* = Z cilk, e’ + ori(e™+ ¥, ie X, k < d (Jox,i] < Gk,,-a"””[k]”"*k),
I=mj _[K]
ni, ¢
(i) = Z mi[lle + oi(e™ ), i € X (Joi| < Gie™ ).

I=n;,
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Perturbed Semi-Markov-Type Processes

e [4] Silvestrov, D.S. (2022). Perturbed Semi-Markov Type
Processes |. Limit Theorems for Rare-Event Times and Processes.
Springer, Cham, xvii+401 pp.

@ [3] Silvestrov, D.S. (2022). Perturbed Semi-Markov Type
Processes Il. Ergodic Theorems for Multi-Alternating Regenerative
Processes. Springer, Cham, xvii+413 pp.

Dmitrii Silvestrov Dmitrii Silvestrov

Perturbed Perturbed
Semi-Markov Type Semi-Markov Type
Processes | Processes |l

) Springer &) Springer
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. First-Rare-Event Times for Regularly Perturbed SMP

(Me,n, Keuns Xen),n=10,1,... s, for every ¢ € (0, 1], a Markov renewal
process, i.e., a homogenous Markov chain with a phase space Z = X
x[0,00) x {0,1} (X ={1,2,..., m}) and transition probabilities
Qs,ij(t, ]) = P(i,s,z){ns,l :.ja Re,1 < t7X6,1 = ]}7 (",53 Z)a (.ja t, ]) € Z.

Ne(t) = Ne.n, for en <t < Cent1, Cen = Zle Keyr,n=0,1,....
&(t) = Z Ken,t >0, where v. = min(n >1: x.,=1).
1<n<tv.

Ne,ny N =0,1,...is a Markov chain with transition probabilities
Pe,ij = Pi{ Tle1 :J} = ijo,l Qs,ij(ooa])r i,jeX

(A): There exists a chain of states i, i1, . .., iy = io such that: (a) it
contains all states from X, (b) lim__,; pe,i_1i >0, for 1 < k < V.

me,i, i € X is the stationary distribution of the Markov chain 7. ,,
Pe,i = Pi{Xs,l = 1} - ZjEX Qs,ij(oov 1)7’ e X.

(B): 0 < maxjex p-,i — 0 ase — 0.
(C): Pi{ken >6/xe1 =1} —0ase—0, for §>0,ieX
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. First-Rare-Event Times for Regularly Perturbed SMP

Pe = ZIEX Pe,iTe,iy Us = PE_I,
Fs,i(t) = Pi{”e,l < t} = Zjex,]:ql Qs,ij(tvj)a t >20,ieX,

95 n,n=1,2,... are i.i.d. random variables with the distribution function
(t) - ZIGX (t)ﬂ-E,h t 2 O

(D): X<, Ocin —%5 6 as £ — 0, where  is a non-zero random variable
(6 has an infinitely divisible distribution and Ee™*% = e=A() s > 0).

T Let model assumptions (A) — (C) are satisfied. Then:
(i) Condition (D) is necessary and sufficient for holding the following

. d . .
relation, £.(1) —> & ase — 0, where & is a non-zero random variable.

(i) Ee=s% = 1+A() ,5>0.

(i) &.(¢),t >0 N &(t),t >0 ase — 0, where &(t) = 0o(tp),t >0,
where: (a) vy is a random variable, which has the exponential
distribution with parameter 1, (b) 6o(t),t > 0 is a nonnegative Lévy
process with the Laplace transforms Ee—%(t) = ¢=tA(5) s t > 0, (c) o
and 0y(t),t > 0 are independent.
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. First-Rare-Event Times for Regularly Perturbed SMP

Y. (t)=ct— ZNA(t) Pny >0,

n=1

where: (a) ¢ >0, (b) Ni(t), t > 0 is a Poisson process with parameter X,
(c) pn,n=1,2,...is a sequence of nonnegative i.i.d. random variables
independent on the process Nx(t),t > 0, (d) P{p1 < u} = H(u).

Ge(u) = P{u+inf;>o X(t) > 0}, u>0.

(7): @) p= [ sH(ds) < 00,(b) a= = Ap/c: < 1 for £ € (0,1] and
a: +>1las0<e—0.

((5/): %%%ast%w,farsomeo<7§1.
0

((5/ ): fbe(lijl;ui(f)l)ds — al—(2’1'y) as 0 < e — 0, for some a > 0.

T Let condition () is satisfied. Then: (a) conditions (0") and (0" are
necessary and sufficient for the fulfilment of the asymptotic relation,
G.(-e71) = Go(-) as 0 < & — 0, where Gy(*) is a distribution function on
[0,00) not concentrated at zero, (b) [, e™*“Go(du) = s>0.

_1
1+asv? ™ =
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. First-Rare-Event Times for Regularly Perturbed SMP

@ Limit theorems for counting processes generated by flows of rare
events for regularly perturbed SMP,

@ Limit theorems for vector first-rare-event rewards and
first-rare-event times and processes for regularly perturbed SMP
with transition periods and extending phase spaces.

@ Necessary and sufficient conditions for weak convergence of
non-ruin distribution functions for perturbed risk processes.

@ Necessary and sufficient conditions for convergence in distribution
for first-rare-event times for a number of models of perturbed closed
M/M-type queuing systems.

@ Necessary and sufficient conditions for convergence in distribution
for first-rare-event times for perturbed M/M queueing systems with
bounded and unbounded queue buffers.

@ Necessary and sufficient conditions for weak convergence of first
hitting times for regularly perturbed SMP.
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. First-Rare-Event Times for Regularly Perturbed SMP

[6] Silvestrov, D.S. (2004). Limit Theorems for Randomly
Stopped Stochastic Processes. Probability and Its
Applications, Springer, London, xiv+398 pp.

bability and Its Application

Dmitrii S. Silvestrov.

Limit Theorems for
Randomly Stopped
Stochastic Processes

&

(VE(t)ags(t))v t>0— (VO(t)>§0(t)7 t>0ase—0,
E(ve(t)), t >0 — &(ro(t)),t >0ase — 07

e Convergence in distribution, uniform topology U, and Skorokhod
topology J for superpositions of cadlag processes.
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. Hitting Times and Phase Space Reduction for Perturbed SMP

(Me,ns ken),n=0,1,...is, for every € € (0, 1], a Markov renewal
process, i.e., a homogenous Markov chain with a phase space Y
=X x[0,00) (X =1{1,2,...,m}) and transition probabilities

Qe ij(t) = Feij(t)peij = Plisyiner =, re1 < t}, (iys),(J,t) € Y.

Semi-Markov process:

n
Ne(t) = Ne,nfor (c.n < t < (¢ pt1, where (. p = Z ker,n=0,1,...,

r=1
Ve D
TeD = g Ken, where v.p =min(n>1:1., D).
n=1
Singularly perturbed Markov chains

® ¢/ O o O ® O O 0|0 O

e o/ o o o OO0 O O|O0 O

o o/ o o o O|le © @ O O

PE — |o 0|0 o o0 olo e e|0o of as £ — 0

o o/ o o o O|le @ O|O O

® o/ o o o e/ o o 0o o

o o6/leo o oo Ole e ele O
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Hitting Times and Phase Space Reduction for Perturbed SMP

(€): pe,ij — pojjjase— 0, fori,jeX

(F): Fejj(- usj) = Fo,jj(-) as e = 0,i,j € X, where: (a) Fo(-) are
distribution functions not concentrated at zero if pg ; > 0.
(b) uej € (0,00) and ugj — up;i € (0,00] as e — 0,7,j € X.

(9): u;,.l Jo© tFeij(dt) — [§F tFo(dt) as e — 0,7, j € X.

Recurrent algorithms of P e Pt
. P T Y e S R e
phase space reduction (1] & Ta)
e Pe.al e Pe.2 e
I
ne(t) = koMt e — : —
v R )
= Lie(t) = (1) R "/
I
1 .. :‘ 2
— /;h—lna(t) - k,,na(t) :—/ ! —
- khn€(t) L-:«:,j Pl /2«
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. Hitting Times and Phase Space Reduction for Perturbed SMP

Definition A family H of positive functions h(e) defined on
interval (0,1] is a complete family of asymptotically comparable
functions if: (1) it is closed with respect to operations of
summation, multiplication and division, and (2) functions h(-) € H
have limits taking values in interval [0, ], as e — 0.

Examples
(@) -

where an >0, by, ch, dp € (—O0,00).

() h(e)
Wﬁlv (c) m—)lasaﬁo,

(#): Non-zero transition probabilities p. j; and the initial normalisa-
tion functions u. ;,/ € X belong to a class H.

Normalisation functions 7 u. ; for the semi-Markov process ¢ 7.(t) are
defined for i € ¢ X, ko = (ki,..., kn), ki,....ky €D,0 < n < m—2as,

ko Ue,i = Hf:o(l - E,pa,ii)ilua,i
. 7. u, . _
(Z): lime_so % = Wok,,i €[0,00), 7€ X,0<n<m—2.
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. Hitting Times and Phase Space Reduction for Perturbed SMP

T Let conditions (£) — () are satisfied. Then, fori € D, j € D,
Pi{ren/lei < Mewen =i} = Gop,i(+) as € — 0,

where the normalisation functions . ;, i € D and the Laplace
transforms WO,DJJ’(S) = fooo efstG()’]D)Jj(dt),S >0,ieD,jeD are
given by explicit recurrent formulas.

@ Forward and backward asymptotic recurrent algorithms of phase
space reduction for regularly and singularly perturbed SMP.

@ Weak limit theorems for hitting and return times for regularly and
singularly perturbed SMP.

@ Limit theorems for expectations of hitting and return times for
regularly and singularly perturbed SMP.

@ Asymptotic recurrent algorithms of phase space reduction for
perturbed birth-death type SMP.
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. Ergodic Theorems for Perturbed ARP

€€ (0,1],X={1,...,m},Z is an arbitrary measurable space, Bz.

(1) &.in = (Ecin(t),t > 0) is, for every i € X and n=1,2, ..., a measurable
stochastic process with a phase space Z.

(2) Ke,in is, for every i € X and n=1,2,..., a non-negative random variable.

(3) 7,i,n and 1. be random variables taking values in the space X, for every
ieXand n=1,2,....

(4) Stochastic triplets (£.;., = (£c.in(t), t > 0), ke jin, Nein), | €X,
n=1,2,... and the random variable 7. are mutually independent.
(5) Joint distributions of random variables & ;i o(t), k =1,...,r, Kecin, and

7e,i,n do not depend on n > 1, forevery i € X'and t,x >0, k=1,...,r,r > 1.

Ne,n = Nene n1,nmy M= 17 27 ceoyMe,0 = Ney
Cs,n = Remeo,1 + ot Reme po1,n N = 1,2,..., <€,0 =0,
§(t) = gs,ns,n—hn(t - Cs,nfl)»ns(t) =Nen—1,for (e n1 <t < (ep,n>1

(&:(t),me(t)),t > 0 is a regenerative process, if m = 1; an alternating
regenerative process, if m = 2; a multi-alternating regenerative
process, if m > 2; n.(t),t > 0 is a modulating semi-Markov process.
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. Ergodic Theorems for Perturbed ARP

el

—\ P
/‘LL /\ub

0 L Lot t
Peij(t,A) = Pi{é(t) € Ana(t) = j}, t > 0,A€ By, jeX.
t
{Pei(t, A) =107 = )qei(t, A) + D / Peig(t — 5, A)Q-i(ds), t > 0,i € X,
0

kex
where Qs,ik(t) = Pi{CE,l S t, Ne,l = k}: qE,i(t, A) - Pi{ge(t) S Aags,l > t}~
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. Ergodic Theorems for Perturbed ARP

(T): pe,ij = pojjase —0, fori,j e X={1,2}.

(K): F.ji(-) = Fo,ij(-) as e = 0,/,j € X, where Fg j(-) are a non-arith-
metic distribution functions, for 7, j € X such that py ; > 0.

(£): ey = Jy tFej(dt) — ey = [y tho(dt) ase =0, for i j € X.

(M): gei(s:,A) = qo.i(s, A) forany 0 <s, = s, ase — 0, and s € Uy,
AeT, ieX where: (a) Ua is some Borel subset of [0, c0) such
that the Lebesgue measure m(Us) = 0, (b) qo.i(s, A) is a measur-
able function continuous almost everywhere with respect to the
Lebesgue measure on [0,00), (c) T C Bz and Z € T.

Condition (M) implies that I is closed with respect to the operation of union

for not intersecting sets, the operation of difference for sets connected by the
relation of inclusion, and the complement operation.

(N): po,12 V po21 > 0 (regularly perturbed ARP).
(0): 0 < pe12, pe21 — 0 as € — 0 (singularly perturbed ARP).

(P): 0< pei2—0ase—0, p:21=00r0< p.o1 > 0ase—0,
Pe,12 = 0 (super-singularly perturbed ARP).
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. Ergodic Theorems for Perturbed ARP

(9Q): p:12/pep1 — B €[0,00] as e — 0.

The individual ergodic theorems for singularly perturbed models:

P.i(te, A) = 7 (t, A) as £ — 0, (1)

i
which hold for any 0 < t. — oo as € — 0 such that,
t./ve >t €[0,00] ase = 0, or t./w. — t € [0,00] as € — 0,
where v. and w. are so-called time compression factors,
Ve = P;%z + P;211 > w. = (pe2 + pep1)

(Q) implies that w./v. — B/(1 + 82) as e — 0. Obviously, w. = O(v.)
ase — 0, if € (0,00), while w. = o(v.) ase — 0, if =0 or 5 = 0.

te < we te ~ we We < te < Ve te ~ Ve Ve < te

We refer to the ergodic relation (1) as short-time -, long-, or super-long
ergodic theorems if, respectively t = 0, t € (0, 00), or t = cc.
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. Ergodic Theorems for Perturbed ARP

T Let conditions (J) — (M), (O), and (Q) (with some
B € (0,00)) are satisfied. Then the following ergodic relation takes
place forany Aeli,j € X and any 0 < t. — c0 as e — 0 such
that t./ve. — t € (0,00) ase — 0,

Pej(te, A) — m(t, A) = i) (t)m0(A) as & — 0.

i

where: (a) pfjﬁ)(t), t > 0,i,j € X be transition probabilities for
continuous time, homogeneous Markov chain, with phase space
X = {1, 2} transition intensities A2 = (1 + 3)/e01,

Aot = (14 B71)/e0, where eg; = 3 icx €0 ijpo,jj; | € X, and
pi)(t).t > 0,i,j € X be transition probabilities for this Markov
chain, (b) mj(A) = % fooo qoj(s)ds, A€ By, j e X.

@ The complete classification of super-long-, long- and short-time
ergodic theorems for regularly, singularly, and super-singularly
perturbed alternating regenerative processes (based on 26 ergodic
theorems) is given.

Dmitrii Silvestrov Limit and Ergodic Theorems for Perturbed SMP-Type Processes



. Ergodic Theorems for Perturbed ARP

[7] Gyllenberg, M., Silvestrov, D.S. (2008). Quasi-Stationary
Phenomena in Nonlinearly Perturbed Stochastic Systems. De
Gruyter Expositions in Mathematics, 44, Walter de Gruyter,

Berlin, ix+579 pp.

t
xe(t):qs(t)—l—/ s(t— s)F.(ds), > 0.
0
x:(t) =7 as t — oo and € — 0.

e Renewal theorem for perturbed renewal equation.
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. Ergodic Theorems for Perturbed MARP

(R): pejj = pojjase =0, fori,jeX={1,...,m}.

(S): F.ij(-uc,i) = Fo,ij(-) as € = 0, where (a) Fo jj(-) are non-arithmetic
distribution functions without singular component, for i,j € X
such that pg ;j > 0, (b) u.,; € (0,00),¢ € (0,1] and u.; — ug,;
€ (0,00] as e — 0, for i € X.

(T): uzifeyy = [~ tFe(dt) = fo 5 = 5 tho(dt) as e — 0,i,j € X.

(U): ge.i(scue,iy A) = qo,i(s,A) forany 0 < s, —+ s, as ¢ — 0, and
s€eUa, AeT,ieX where: (a) Ua is some Borel subset of [0, c0)
such that the Lebesgue measure m(Ua) = 0, (b) qo.i(s, A) is a
measurable function continuous almost everywhere with respect to
the Lebesgue measure on [0,00), (c) T C Bz and Z €T,

(V): Non-zero transition probabilities p. j and the initial normalisation
functions u. ;, i € X belong to a complete class of asymptotically

comparable functions H.
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. Ergodic Theorems for Perturbed MARP

kyUe,i = [1—o(1— % Peii)”
(W) lim._y & te. k"“ = W0,k € [0,00), i€ ¢ X,0<n<m=2.

n+1;
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. Ergodic Theorems for Perturbed MARP

(X): 0< kp_oPe,125 K, ,Pe21 —0ase—0.
V): &, P12/ k, ,Peo1 = B= ¢ ,B€(0,00)ase—0.
(2): 7 e kn/ k) ek =Y = &,_,7 € (0,00) ase — 0.

T Let conditions (R) = (V), and (W) — (Z) (with some 3,7 € (0, 00))
are satisfied. Then the following ergodic relation takes place for any
Ael,ieXandany0<t. — o0 ase — 0 such that

te/ . Ve —~ t€(0,00) ase =0,

Poi(teg, ,ue, A) = ,;mfzwéfg,’v)(t, A) as e — 0.
where the time compression factors functions p _ ve, g u. and the
stationary probabilities ;mizwé’ﬁﬁ)(t, A) are given by explicit recurrent
formulas.

@ 12 super-long-, long-, and short-time ergodic theorems for regularly and
singularly perturbed multi-alternating regenerative processes are given.

Gyllenberg and Silvestrov (2008), Silvestrov, D. and Silvestrov, S. (2017)
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: Coupling and Ergodic Theorems for Semi-Markov-Type Processes

[2] Silvestrov, D. (2025). Coupling and Ergodic Theorems for
Semi-Markov-Type Processes I: Markov Chains, Renewal and
Regenerative Processes. Springer, Cham, xix-+649 pp.

Dmitrl Siherstroe

Coupling and

Ergodic Theorems for
Semi-Markov-Type
Processes |

@ Ergodic theorems with explicit power and exponential upper bounds
for convergence rates for Markov chains, renewal and regenerative
processes. These theorems are obtained using the coupling method
in combination with the method of test functions.
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. Coupling and Ergodic Theorems for Regenerative Processes

Regenerative process 1(t), t > 0 with the state space X, regenerative
moments (, = > »_o &, n=0,1,... and the transition period [0, (o).

N

CO Cl <2 <3 v

F(u)=P{& <u}l,u>0, G(A) =P{y(t) € A& > t},A€ Bx, t >0,

P = (P:(A) = P{y(t) € A}, A€ Bx),t>0,
F(u) =P{& < u},u>0, q(A) =P{y(C+1t) €A &>t} A€ By, t >0,
Pe = (P:(A) = P{(Co + t) € A}, A€ Bx), t>0.
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. Coupling and Ergodic Theorems for Regenerative Processes

ekF = / ukF(du), k > 1.
0
E«: exr € (0,00).

Condition E; implies that the regenerative process (:) has the
statioanary distribution N = (7(A), A € Bx):

(A) = lim 1/()tl55(A)m(ds) - 1/000 gs(A)m(ds), A € By.

t—oo t el,F

W(P1,P2) = sup |P1(A) — P2(A)],
AeBx

where P; = (Pi(A),A € Bx),i =1,2.

el

w(
W(P,, M) < G't 8 — 0as t — oo,
W(P., M) < G"e 8"t 0 as t — .

e, 1) = 0as t — oo,

mell
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. Coupling and Ergodic Theorems for Regenerative Processes

Vi(F)=1— W(F,F;,)=1— sup |F:(A)—F(A).
A€EB|p,00)

where: (a) F, = (Fi(A) = P{& + t € A}, A€ B)), t 20, (b) F = Fo.

Vi(F) = sup P{¢ =¢" +t},
Fa(-.-)€L[F,F]

where: (a) L[F,F] is the family of all two-dimensional dictributions
Fo(u', u") with marginals Fa(u, 00) = Fa(oo,u) = F(u),u >0, (b)
(&',¢&") is a random vector with the distribution P{¢' < v/, ¢" < v}

= F(uv,u"),u' 0" > 0.

Let g € (0,1) and T > 0:

Hy7: Vi(F) >gq,t € [0, T].

Distribution F = (F(u), u > 0) has a non-zero absolutely continuous
component in the Lebesgue decomposition if and only if condition Hg 7
is satisfied for some g € (0,1) and T > 0.
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. Coupling and Ergodic Theorems for RP

Fo(u) = i /Ou(1 — F(s))ds, u > 0.
T, Let conditions E1 and Hg, 1 hold. Then, for 0 < t — oo,
W(P:,P:) < t ' (AvLr + Bir [y uF(du) + Bir t(1— F(t)) — 0,
W(P:, M) < t7(A1r + B [ uFo(du))du + By s t(1 — Fo(t)) — 0.
T, Let conditions E, and Hg, v hold. Then, for 0 < t — oo,
W(Pe,Pe) < t™*(Air + 30y Buir Jy u'F(du) + Biwrt*(1 — F(t))) — 0,
W(Pe, M) <t (Acr + 5 Buir fy U'Fo(du) + Beirt“(1— Fo(t))) — 0.
Gs: Egr = [;° e’ F(du) € (1,00) (for some 3 > 0).
T3 Let conditions Gg and Hg, 1 hold. Then, for a € [0,a3,F) and 0 < t — o0,
W(P:,P:) < e *'Var(1+ [ ae™(1 — F(u))du) — 0,

W(P:, M) < e * Vo r(1+ [; ae® (1 — Fo(u))du) — 0.
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. Method of Test Functions

The Markov renewal process © = (¥, = (1a,&5),n =0,1,...) is a homoge-
neous MC with a state space X x [0,00) and transition probabilities Q(x, A, u)
=P{nnt1 € Al < ulmppn=x,&n=v}hx € X,A€ Bx,u,v >0. The
following relation defines the corresponding semi-Markov process,

n(t) = nq for t € [(n, Cnr1),n=0,1,..., where (= >, &.

(D) = ZZ(:L;) kk, where v(D) = min(n >1:n, € D),

M, = (M,(x) = Ex7(D),x € X), r > 1.

V = {v} is the space of Borel measurable functions acting from X — [0, o],
and for vi,..., v €V,

Pv(x) = Exk1l(m € D)v(m), x € X,
mp(Ves .y ve—1) = (Exrf + 300 () Exk;'I(m € D)vi(m), x € X).

Ti: There exist test functions vi, ..., vk € V such that the following recursive
test inequalitie hold, v, > myj(v1,...,vi—1) +Pv,,r=1,... k.
T Moment functions M,,r =1,..., k are minimal in V solutions for the

recursive integral equations, M, = myy(My,...,M,_1)+PM,,r =1,... k, and
T is the necessary and sufficient condition for holding the inequalities,
M, < Vi=mp(vi,...,vi1) +Pv. < vy r=1,... k.
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: Coupling and Ergodic Theorems for Semi-Markov-Type Processes

[1] Silvestrov, D. (2025). Coupling and Ergodic Theorems for
Semi-Markov-Type Processes Il: Semi-Markov Processes and
Multi-Alternating Regenerative Processes with Semi-Markov Modulation.
Springer, Cham, xiv+550 pp.

| Dmitrii Sihestroe

| Coupling and
Ergodic Theorems for
Semi-Markov-Type
Processes ||

@ Ergodic theorems with explicit power and exponential upper bounds
for convergence rates for semi-Markov processes and multi-alterna-
ting regenerative processes with semi-Markov modulation. These
theorems are obtained using the coupling method in combination
with the method of test functions and the method of artificial
regeneration.
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. Semi-Markov Processes

The Markov renewal process o = (¥, = (1, &5),n =0,1,..

.) is a homoge-

neous MC with a state space X and transition probabilities defined for
x e X A€ Bx,u,v>0:

Q(x, A, u) = P{nny1 € A, &na < ulmn = x, &0 = v},

The following relation defines the corresponding semi-Markov process,

n(t) = na for t € [n, (at1),n =0,1,..., where (, = Z{k.
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. Atrtificial Regeneration for SMP

A one-step splitting condition:

S1: There exists a recurrent set D € Bx such that,

Q(X7 A? U) = (1 - 6) QD(X7 Aa U)
+ e pp(A) Qpx(u), A€ Bx, u€[0,00), for x € D.

In this case, it is possible to define an extended Markov renewal process
i =L, =((xn m), &), n=0,1,...) with the extended state space
Y* =Y x [0,00) (here, Y = {0,1} x X) and transition probabilities,

Qo (2%, 9,A,u) =P{x1 =3, v € A, w1 < ulxo =1, M0 = x}

Q(x, A, u)q:-(y) for 2 € {0,1},x € D,
7€{0,1}, A € Bx,u € [0, 00),
Qp(x, A, u)ge(9) fore=0,x € D,
- 7€ {0,1},A € Bx,u € [0,00),
po(A) Qo x(u)ge(y) fore=1,x € D,
7€{0,1},A € Bx,u € [0,00),

where g. is the “tossing coin” distribution,

Ge =(qe(9) = (1 —e)l(y=0) +el(y = 1), € {0,1}).

Dmitrii Silvestrov Limit and Ergodic Theorems for Perturbed SMP-Type Processes



. Atrtificial Regeneration for SMP
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Multi-alernating Regenerative Processes with Semi-Markov Modulation
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